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Non-technical summary

Research Question

The standard approach to study the quantitative properties of heterogeneous
agent models is based on the calibration of their structural parameters. Full
information methods which use the entire cross-section data have been rarely
used in the literature. In this paper we aim to provide estimation methods and
identification analysis for this class of models.

Contributions

In this paper, we study the statistical properties of heterogeneous agent models.
We compute the distribution of wealth and income implied by the model and
use it for the statistical analysis. We study the small sample properties of
the estimator using simulated data. We propose a novel way to investigate
potential identification problems. Finally, we provide an empirical illustration
of our method using the U.S. household income and wealth data provided by
the Survey of Consumer Finances.

Results

The simulation results show that most parameters can be identified and accu-
rately estimated with the use of cross-sectional data on individual wealth and
income. However, even large changes of some parameters do not affect the shape
of the wealth distribution. The lack of curvature translates into weakly identi-
fied parameters that could lead to incorrect estimates. Further analysis suggests
calibrating the problematic parameters could reduce overall bias and errors of
the estimator.



Nichttechnische Zusammenfassung

Fragestellung

Der Standardansatz zur Untersuchung der quantitativen Eigenschaften von Mo-
dellen mit heterogenen Agenten basiert auf der Kalibrierung ihrer strukturellen
Parameter. Methoden, die gesamte Querschnittsdaten verwenden, wurden in
der Literatur nur selten verwendet. In diesem Artikel méchten wir Schétzmetho-
den und Identifikationsanalysen fiir diese Modellklasse liefern.

Beitrag

In diesem Artikel untersuchen wir die statistischen Eigenschaften der gingigen
Modelle mit heterogenen Agenten. Wir berechnen die Verteilung von Vermoégen
und Einkommen resultierend aus dem Modell und verwenden sie fiir die statisti-
sche Analyse. Wir untersuchen die Eigenschaften des Schiitzers mit simulierten
Daten. Wir schlagen eine neuartige Methode vor, um mogliche Identifikations-
probleme zu untersuchen. Schlielich bieten wir eine empirische Illustration
unserer Methode anhand der Haushaltseinkommens- und Vermogensdaten von
der ,Survey of Consumer Finances*.

Ergebnisse

Die Simulationsergebnisse zeigen, dass die meisten Parameter mit der Verwen-
dung von Querschnittsdaten identifiziert und genau geschitzt werden konnen.
Jedoch weist die Methode bei einigen Parametern eindeutige Identifikations-
probleme auf. Dies manifestiert sich in den fehlenden Verinderungen der Ver-
mogensverteilung selbst bei grofen Anderungen der Parameter. Weitere Analy-
sen deuten darauf hin, dass die Kalibrierung dieser problematischen Parameter
die Verzerrungen und Fehler des Schitzers reduzieren kénnte.



DEUTSCHE BUNDESBANK DISCUSSION PAPER NO 42/2020

Estimation of heterogeneous agent models:
A likelihood approach®

Juan Carlos Parra-Alvarez!(@?) Olaf Posch®® and Mu-Chun Wang(®

(@) Aarhus University, ® CREATES, ()Universitit Hamburg
(@ Deutsche Bundesbank, (©Danish Finance Institute

May 2020

Summary

We study the statistical properties of heterogeneous agent models. Using a
Bewley-Hugget-Aiyagari model we compute the density function of wealth and in-
come and use it for likelihood inference. We study the finite sample properties of the
maximum likelihood estimator (MLE) using Monte Carlo experiments on artificial
cross-sections of wealth and income. We propose to use the Kullback-Leibler diver-
gence to investigate identification problems that may affect inference. Our results
suggest that the unrestricted MLE leads to considerable biases of some parameters.
Calibrating weakly identified parameters allows to pin down the other unidentified
parameter without compromising the estimation of the remaining parameters. We
illustrate our approach by estimating the model for the U.S. economy using wealth
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1. Introduction

Heterogeneous agent models have become an extensively used tool in macroeconomics for
the study and evaluation of the welfare implications and desirability of business cycle sta-
bilization policies. They have also been used to address questions related to social security
reforms, the precautionary savings behavior of agents, employment mobility and wealth
inequality. A comprehensive review of the developments made in the field during the last
three decades can be found in Rios-Rull (1995, 2001) and Heathcote et al. (2009). More
recently, they have been used for the study of the distributional implications of monetary
and fiscal policies (see Ozkan et al., 2016; Holm, 2018; Kaplan et al., 2018; Wong, 2019).

Currently, the main workhorse of household heterogeneity is based on the contri-
butions of Bewley (Undated), Huggett (1993) and Aiyagari (1994). Their theories are
motivated by the empirical observation that individual earnings, savings, wealth and la-
bor exhibit much larger fluctuations over time than per-capita averages, and accordingly
significant individual mobility is hidden within the cross-sectional distributions. These
ideas have been formalized with the use of dynamic and stochastic general equilibrium
models of a large number of rational consumers that are subject to idiosyncratic income
fluctuations against which they cannot fully insure due to market incompleteness.

The standard approach to study the quantitative properties of these models is based
on the calibration of their structural parameters. Hence, the parameter values are either
fixed to those for which there exists a wide consensus in the literature, or chosen in such
a way that they minimize the distance between a subset of moments obtained from the
model and the same moments computed from the data, or by a combination of both. Ac-
cordingly, calibration can be classified as a partial or limited information approach in the
sense that it only makes use of a subset of the model cross-equation restrictions. Kydland
and Prescott (1982) introduced calibration into macroeconomics with subsequent devel-
opments made by Prescott (1986), Cooley and Prescott (1995) and Gomme and Rupert
(2007). Recent examples that combine both types of calibration approaches, conditional
on estimated values for the exogenous income process, can be found in Benhabib et al.
(2019), Luo and Mongey (2019), Abbott et al. (2019).

On the other hand, full information methods which rely on the entire probability
distribution of the model have received less attention. Given the increased quality and
quantity of household data, the first contribution of this paper is to provide a simple
likelihood framework that exploits the information content in microeconomic data to
estimate the structural parameters of macroeconomic models with heterogeneous agents.
Our approach relies on the ability to compute the model’s implied stationary probability
density function which can be later used to build the likelihood function of the model.
Likelihood-based methods impose on the data the full set of restrictions implied by a

particular economic model allowing the econometrician: (i) to assess the uncertainty



surrounding the parameter values which ultimately provides a framework for inference
and hypothesis testing, and (ii) to use standard tools for model selection and evaluation.

In general, the computation of the probability density function of the state variables
in heterogeneous agent models is not straightforward as it turns out to be a complicated
endogenous and nonlinear object that usually has to be numerically approximated ei-
ther by Monte Carlo simulation or functional approximation techniques (see Heer and
Maussner (2009) for a textbook treatment.). However, Bayer and Wilde (2010a,b, 2011),
Achdou et al. (2014), and Gabaix et al. (2016) have recently suggested the use of Fokker-
Planck or Kolmogorov’s Forward equations for the analysis of endogenous distributions
in macroeconomics. These partial differential equations describe the entire dynamics of
any probability density function in a very general manner without the need to impose any
particular functional form. When combined with the Hamilton-Jacobi-Bellman equation
that describes the optimal consumption-saving decisions of economic agents, they form a
system of coupled partial differential equations that can be numerically solved with high
degree of accuracy and computational efficiency on the entire state-space of the model
using the finite difference methods described in Candler (1999) and Achdou et al. (2020).
It is the ability to compute the model’s non-parametric probability density function via
the Fokker-Planck equations, together with the increased efficiency in the computation
of the model’s equilibrium provided by finite difference methods, that makes our method
novel and feasible for estimation purposes.

A condition for the maximum likelihood estimator to deliver consistent estimates of
the model parameters, and valid asymptotic inference is identification (see Newey and
McFadden, 1986). Roughly speaking, identification refers to the fact that the likelihood
function must have a unique maximum at the true parameter vector and at the same time
display enough curvature in all of its dimensions. Lack of identification leads to misleading
statistical inference that may suggest the existence of some features in the data that are in
fact absent. Therefore, it is important to verify the identification condition prior to esti-
mation. The recent contributions of Canova and Sala (2009), Iskrev (2010), Komunjer and
Ng (2011) and Rios-Rull et al. (2012) point out in that direction by providing tools that
can be used to assess the identifiability of parameters in structural macroeconomic models.

The second contribution of this paper is, therefore, to investigate whether it is possi-
ble, and to what extent, to (locally) identify the structural parameters of heterogeneous
agent models in our likelihood-based framework. Checking for identification in practice is
difficult since the mapping from the structural parameters of the model to the objective
function is highly nonlinear and usually not known in closed form. Therefore, the stan-
dard rank and order conditions in Rothenberg (1971) for linear models cannot be applied.
Instead, we propose to use the Kullback-Leibler (KL) divergence between two distribution
functions (see Kullback and Leibler, 1951, Kullback, 1959 and McCulloch, 1989) to inves-

tigate the identification power of our maximum likelihood estimator. The KL divergence



is computed for the model’s implied distribution and hence it is independent of the data.
This allows the researcher to analyze the sensibility of the model’s probability distribution
function to changes in the parameter values even before any estimation takes place. Lack
of variability along any dimension of the parameter space provides an early diagnosis for
potential identification issues. In fact, irregular behavior in the density function found
at this stage will impact the estimator’s objective function and hence limit its ability to
accurately identify the parameters of the model using the likelihood of the data.

The estimation approach proposed in this paper differs from those used in Mongey
and Williams (2017), Williams (2017) and Winberry (2018). In particular, they em-
ploy Bayesian-likelihood methods to estimate the parameters that govern the dynamics
of aggregate exogenous macroeconomic shocks, conditional on calibrated values for the
preference parameters which ultimately depend on the cross-sectional stationary distri-
bution of individual states. Therefore, their statistical methods do not make any use of
the model’s implied probability density function. Closer to our approach is the work by
Challe et al. (2017) where a subset of the preference parameters is included in the esti-
mation step and hence some knowledge of the cross-sectional probability density function
is in principle required. However, in their quantitative exercise they collapse the model’s
density function to a single mass point and therefore do not make use of the entire dis-
tribution function in the estimation process'.

To illustrate our approach, Section 2 introduces a continuous-time version of an other-
wise standard Bewley-Hugget-Aiyagari model in which a large number of households face
idiosyncratic and uninsurable income risk in the form of exogenous shocks to their labor
productivity. We characterize and solve for the stationary competitive equilibrium which
equip us with a time-invariant joint probability distribution of wealth and income that
can be used for estimation and/or identification analysis. In Section 3 we show how to
compute the model’s likelihood function using the stationary joint density function from
the model. While our framework can be easily extended to include cross-sectional data
on a number of additional endogenous variables, e.g. individual consumption, our general
equilibrium approach limits this possibility unless additional features, e.g. measurement
errors, are considered.

Section 4 examines the finite sample properties of the maximum likelihood estimator
using a Monte Carlo experiment. We pay particular attention to the potential biases and
the precision of the estimates along different dimensions of the parameter space. Our re-
sults suggest that estimating the complete set of parameters using cross-sectional data on
income and wealth leads to considerable biases on the coefficient of relative risk aversion

and on the parameters describing the income process. The biases in these parameters per-

More recently, Liu and Pladborg-Mgller (2019) have worked on a Bayesian framework to estimate
heterogeneous agent models using cross-sectional and time series data jointly. However, their ongoing
work provides a very stylized example with just three estimated parameters, where only one of them is
a structural/preference parameter.



sists in large samples and their distributions tend to be wide and skewed. In Section 5 we
compute the KL divergence associated to the model’s implied distribution function and
find that the poor performance of the maximum likelihood estimator can be explained by
the insensibility of the wealth-income distribution to changes in this subset of parameters.
On the other hand, we find that cross-sectional data is very informative for parameters
related to the supply side, like the capital share in output and the depreciation rate.

A standard practice in applied macroeconomics when identification problems arise
is to fix the parameters that are believed to be unidentifiable to arbitrary values, and
estimate the remaining ones. In Section 6 we investigate the consequences of following
such an strategy and find that even in cases where some parameters are mis-calibrated
the maximum likelihood estimator, conditional on some parameters being calibrated, im-
proves the finite sample properties of the parameters being estimated. Section 7 provides
an empirical illustration of our proposed framework by estimating the parameters of a
Bewley-Hugget-Aiyagari model for the U.S. economy using individual data on wealth and

income from the 2013 Survey of Consumer Finances. Section 8 concludes.

2. A prototypical heterogeneous agent model

For our study we consider a prototypical heterogeneous agent model a@ la Bewley-Hugget-
Aiyagari following Achdou et al. (2020). In our economy there is no aggregate uncertainty
and we assume that all aggregate variables are constant an equal to their steady-state
values, while at the individual level households face idiosyncratic uninsurable risk and

variables change over time in a stochastic way.

2.1 Households

Consider an economy with a continuum of unit mass of infinitely lived households where
decisions are made continuously in time. Each household consists of one agent, and we
will speak of households and agents interchangeably. Household i, with i € (0, 1), has

standard preferences over streams of consumption, ¢;, defined by
Up = EO/ e Pu(c)dt, ' >0, u" <0, (2.1)
0
where p > 0 is the subjective discount rate, and where the instantaneous utility function

1—y
wle) =417 for v # 1
log (¢;) for v =1.

is given by

Here, v > 0 denotes the coefficient of relative risk aversion (or the inverse of the elasticity
of intertemporal substitution, EIS). At time ¢ = 0, the agent knows his initial wealth and

income level and chooses the optimal path of consumption {¢;}$°, subject to

da; = (ra; + wey — ¢;)dt, ag € A, (2.2)
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where a; € A C R denotes the household’s wealth per unit of time and r the interest rate.
Wealth increases if capital income, ra;, plus labor income, we;, exceeds consumption, ¢;.
At every instant of time, households face uninsurable idiosyncratic and exogenous shocks
to their endowment of efficiency labor units, e; € £, making their labor income stochastic
(see Castaneda et al., 2003). The latter could also be interpreted as productivity shocks
(see Heer and Trede, 2003). Finally, w denotes the wage rate per efficiency unit which is
the same across households and determined in general equilibrium together with the in-
terest rate. The fact that there are no private insurance markets for the household specific
endowment shock can be explained, for example, by the existence of private information
on the employee side, like his real ability, that could give rise to adverse selection and
moral hazard problems. This would prevent private firms to provide insurance against
income fluctuations. However, the wealth accumulation process in (2.2) creates a mecha-
nism used by agents to self-insure themselves against labor market shocks and allows for
consumption smoothing.

Following Huggett (1993), the endowment of efficiency units can be either high, ey,
or low, ¢;. The endowment process follows a continuous-time Markov Chain with state

space € = {ep, ¢;} described by
de; = —Acdqiy + Aedgay, Ac=e,—e and e €€, (2.3)

where A, can be interpreted as the labor efficiency gap. The Poisson process ¢ counts
the frequency with which an agent moves from a high to a low efficiency level, while the
Poisson process ¢z, counts how often it moves from a low to a high level. As an individ-
ual cannot move to a particular efficiency level while being in that same level, the arrival
rates of both stochastic processes are state dependent. Let ¢; (e;) > 0 and ¢ (e;) > 0

denote the demotion and promotion rates respectively, with

P1(er) :{ ¢Sl = cn , and  ¢o(er) :{ 0 e =ep

€t = € Cblh € = €;.

Finally, households in this economy cannot run their wealth below a, where a" <
a <0, and a" = —we;/r defines the natural borrowing constraint implied by the non-

negativity of consumption. Hence, A = [a, ).

2.2 Production possibilities and macroeconomic identity

Aggregate output in this economy, Y, is produced by identical firms owned by the house-
holds. The representative firm combines aggregate capital, K, and aggregate labor, L,
through a constant return to scale production function Y = K*L'~* with o € (0,1), in
order to maximize its profits.

We assume that the aggregate capital stock in the economy depreciates at a constant

rate, § € [0,1]. Since our focus is on the steady state, all the investment decisions in the
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economy are exclusively directed towards replacing depreciated capital. Therefore the

macroeconomic identity

Y =C + 6K, (2.4)

holds at every instant of time, where C' denotes aggregate consumption, and d K denotes
aggregate investment. We have removed the temporal subscript ¢ from all aggregate

variables to indicate that the economy is in a stationary equilibrium?.

2.3 Equilibrium

In this economy, households face uncertainty regarding their future level of labor effi-
ciency. This makes their labor income and wealth also uncertain. Hence, the state of
the economy at instant ¢ is characterized by the wealth-income process (a;,e;) € A X €
defined on a probability space (€2, F, G) with associated joint density function g (as, e, t).
In a stationary equilibrium, as the one assumed throughout, the density function is in-
dependent of time and thus it simplifies to g (a;, e;).

Households. For any given values of r and w, the optimal behavior of each of the
households in the economy can be represented recursively from the perspective of time ¢
by the Hamilton-Jacobi-Bellman equation (HJB)

pV(a,e) = max {u(c) + Va(a,e)(ra + we — ¢)

ceR*

+(V(a, @) = Via,e))on(e) + (V(a.en) = Viae))dale) |, (25)

where V (a, e) denotes the value function of the agent®. The first-order condition for an
interior solution reads

u' (c) =V, (a,e) (2.6)

for any ¢t € [0,00), making optimal consumption a function only of the state variables
and independent of time, ¢ = ¢(a,e). Equation (2.6) implies that in equilibrium, the
instantaneous increase in utility from marginally consuming more must be exactly equal
to the increase in overall utility brought by an additional unit of wealth.

Due to the state dependence of the arrival rates, only one Poisson process will be active

for each of the values in £. This leads to a bivariate system of maximized HJB equations

pVia,e)) = wu(cla,e))+ Vila,e)(ra+ we — cla,e)) + (V(a,en) — Va, e))pinf2.7)
pVia,en) = wu(e(a,en)) + Vi(a,en)(ra+ we, — cla,en)) + (V(a,e) — Via, ep))of2.8)

?Introducing a time series dimension at the aggregate level through an aggregate productivity shock
is straightforward from a modeling perspective (see Ahn et al., 2017). However, this increases the
computational time dramatically making any extensive Monte Carlo investigation infeasible.

3A complete derivation of the HJB equation, the Fokker-Planck equations that described the subden-
sity functions of wealth, and the stationary probability distributions of the efficiency endowments can
be found in the Online Appendices A and B.



As argued in Achdou et al. (2020), an interesting feature of our continuous-time setup
as opposed to the discrete-time case, is that (2.6) holds for all a > a since the borrowing
constraint never binds in the interior of the state space. Therefore, the system of equations
formed by (2.7) and (2.8) does not get affected by the existence of the inequality con-

straint a > a, and instead gives rise to the following state-constraint boundary condition
V, (a,e) > u' (ra+ we). (2.9)

It can be shown that (2.9) implies that ra +we — ¢(a, e) > 0 and therefore the borrowing
constraint is never violated.

Firms. The representative firm rents capital and labor from the households in per-
fectly competitive markets. Hence, in equilibrium the production factors are paid their

respective marginal products
r=aK* 'L -§ and w=(1-a)K*L™?, (2.10)

where the steady state aggregate capital is obtained by aggregating the wealth held by ev-
ery type of household, K' =3 .. . f;o a;g (a, e) da, and the steady state aggregate la-
bor is obtained by aggregating their efficiency labor units, L =) __ (eren) f;o e:g (a,e) da.
This form of aggregation provides a link between the dynamics and randomness that
occurs at the micro level with the deterministic behavior at the macro level.
Distribution of endowments and wealth. Given its dependence on one continuous ran-
dom variable and one discrete random variable, the stationary joint density function,
g (a,e), can be split into g (a,e,) and g (a,e;). Following Khieu and Wilde (2019), we
refer to these individual probability functions as subdensities. For each e € £, it follows

that g (a,e) = g (a | e)p(e), implying that

/g(a,e)da = p(e), (2.11)

where p(e) = limy_,o, P (e; = €) is the stationary probability of having an efficiency en-

dowment equal to e. Then, the (marginal) stationary density function of wealth is

g (a) =49 (CL, eh) +9 (CL, el) : (212)

Given our two state Markov process for the endowment of labor efficiency units it is

possible to show that its stationary distribution is given by

O __ Om
plen) = bni + P’ and p (@) b+ P (213)

Let s (a,e) = ra + we — c(a,e) denote the optimal savings function for an individual

with an efficiency endowment equal to e € £. The subdensities in (2.12) correspond to



the solution of the following non-autonomous quasi-linear system of differential equations

known as (stationary) Fokker-Planck equations

s(a,e) %g (a,¢;) = — (7“ — %c(a, er) + ¢1h) g(a,e) + dmg(a,en) (2.14)
s (a,ep) %g (a,ep) = — (r — %c (a,en) + ¢hl> g(a,en) + omg (a,e), (2.15)

where the partial derivatives with respect to wealth describe the cross-sectional dimen-
sion of the density function. The system of equations formed by (2.14) and (2.15) takes
as given the optimal policy functions for consumption of individuals. This feature creates
a recursive structure within the model that facilitates its solution: households and firms
meet at the market place and make their choices taking prices as given. Prices in turn
are determined in general equilibrium and hence depend on the entire distribution of
individuals in the economy. Such distribution is determined by the optimal choices of
households and the stochastic properties of the exogenous shocks.

Equilibrium. A stationary equilibrium is defined as a situation where the aggregate
variables and prices in the economy are constant, the joint distribution of wealth and
income is time-invariant, and all markets clear. More specifically, while the distribution
of wealth is constant for both the low and high efficient workers and the number of low
and high efficient workers is also constant, the households are not characterized by con-
stant wealth levels and efficiency status over time. Achdou et al. (2020) show that such
stationary equilibrium is unique if the EIS is greater or equal than one, i.e. 1/y > 1.
Closely related results for the case of discrete-time economies have been shown in A¢ikgoz
(2018) and Light (2020).

Definition 2.1 (Competitive stationary equilibrium) A competitive stationary equi-
librium is given by pairs of value functions V (a,e;) and V (a,ep,), individual policy func-
tions for consumption c(a,e;) and c(a,ey), time-invariant density functions g (a,e;) and
g (a,en), avector of constant prices [w, r], and a vector of constant aggregates [K,L,Y,C]|
such that:

1. the consumption functions c(a,e;) and c(a,ep) satisfy (2.7) and (2.8), i.e. they

solve the household’s consumption-saving problem,

2. factor prices satisfy the first order condition in (2.10), i.e. they solve the firm’s

allocation problem,
3. markets clear, i.e. (2.4) holds.

4. the joint probability density function of wealth and income is stationary, that is,
g (a,e,t) /Ot = 0 for all (a,e) € A x E, and the associated subdensities satisfy
(2.14) and (2.15).



2.4 Computation of the equilibrium

The solution of our prototype economy is not available in closed form. Therefore, for a
given set of parameter values, the stationary competitive equilibrium in Definition 2.1 is
approximated on a discretized state space for A. The algorithm we use to approximate the
solution builds on earlier work by Candler (1999) and Achdou et al. (2020) which exploits
the recursive nature of the model. It consists of two main blocks: (i) an outer block that
takes the factor prices as given to compute in a recursive way the stationary equilibrium
at the macro level; and (ii) an inner block that uses an implicit finite difference method
in two steps. In the first step it approximates the solution to the system of equations
(2.7) and (2.8) which represents the household’s allocation problem at the micro level.
Given the optimal consumption function from step one, the second step approximates the
stationary subdensities that solve the system of ordinary differential equations in (2.14)
and (2.15). Having approximated the density function, the factor prices from the outer
block are updated and the algorithm iterates until convergence. A detailed description

of the algorithm and its implementation can be found in the Online Appendix D .

3. Structural estimation: The likelihood function

While there is a broad consensus on the importance of heterogeneity in macroeconomics,
there is less agreement on how these models should be taken to the data. In this section
we show how to estimate the structural parameters of heterogeneous agent models using
full information methods. The feasibility of our procedure is dictated, in general, by the
use of continuous-time methods, and in particular by the Fokker-Planck equations that
allow us to approximate the probability density function of the state variables which can
be then used to write the model’s likelihood function.

Let a=[ay,...,ax] and e = [eq, ..., eyn]| be a sample of N i.i.d observations on indi-
vidual wealth and income, respectively. Then, the log-likelihood function of the prototype

model in Section 2 can be computed as
N
Ly (9 | a, e) - Zlogg (a’i7 € | 9) ) (31)
i=1

where 8 € ® C RM is the M x 1 vector of structural parameters, and where © is the
parameter space, assumed to be compact. The maximum likelihood (ML) estimator, Oy
is defined as

Oy = argmax Ly (0| a,er...,an,en). (3.2)
0cO

Alternatively, by using identity (2.12), it is possible to obtain the marginal density of
wealth as g (a; | 0) = g (a;,e; | @) + g (a;, e | 0) for each i = 1,..., N. Therefore, in situ-

ations where only data on individual wealth is available, we can rewrite the log-likelihood



Table 1. Population parameters, 8. The exogenous endowment of efficiency units is given
by de = —Acdg1 +Acdge, with A, = ej, —e;, where g1 and g2 are Poisson processes with intensity
rates ¢y and ¢y respectively. The representative household has standard preferences defined
by Uy = E; [ [ e”®Yu (c) ds] where u(c) = ¢*=7/ (1 — 7). The macroeconomic identity in the
stationary competitive equilibrium is given by Y = C' — § K, where Y = K“L'=®. In the model,
time is measured in years and parameter values should be interpreted accordingly.

Parameter Value
Relative risk aversion, 1.0000
Rate of time preference, p 0.0490
Capital share in production, « 0.3600
Depreciation rate of capital, § 0.1038
Endowment of high efficiency, ep 1.0000
Endowment of low efficiency, ¢; 0.2000
Demotion rate, ¢, 0.5578
Promotion rate , ¢y, 7.3822

function as N
Ly(0]a)=> logg(ai|0). (3.3)
=1

In practice, the ML estimation is carried out by means of an iterative procedure that
requires solving the model for different values of the parameter vector 8. At each iteration,
the model is solved on the discretized state-space A x £ as described in Section 2. While
the efficiency lattice only takes two possible values, £ = {¢;, e, }, the wealth lattice is dis-
cretized using I < N points on a partially ordered set defined by A = [min (a) , max (a)].
Once the joint density function of wealth and income has been approximated, the log-
likelihood function is constructed in two steps: (i) For each pair (a;,€;) € a X e, we use
a piece-wise linear interpolation to evaluate g (a;, e; | 8); (ii) Once g (a;, e; | @) has been

evaluated for all (a;,e;) € a X e, the log-likelihood function is computed using (3.1).

4. Finite sample properties

This section uses Monte Carlo simulations to investigate the properties of the ML estima-
tor in finite samples by estimating the model of Section 2 on artificially generated data
of individual wealth and individual income (labor efficiency). The parameter values for
the data generating process (DGP), 8y, are provided in Table 1. In the model, time is
measured in years and parameter values should be interpreted accordingly. To ensure the
existence of a unique stationary equilibrium we assume an economy with unitary EIS.
The labor efficiency process is set to match the long run employment-unemployment dy-
namics of the US economy. Following Shimer (2005), the promotion rate is calibrated to
match a monthly average job finding rate of 0.45, and the demotion rate is calibrated to
match a monthly average separation rate of 0.034. The endowment level of high efficiency

is normalized to one while that of low efficiency is set to one-fifth of the one for employed
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individuals. These values imply a labor efficiency gap, A., of 80%, which is consistent
with the values used in Huggett (1993), and Imrohoroglu (1989) and Krusell and Smith
(1998). The transition rates for the Poisson processes are computed using (2.13). The
remaining parameter values are fairly standard in the literature and are consistent with
the long-run averages observed for the capital-output ratio and interest rates.

The Monte Carlo experiment is based on M = 200 samples from the model’s popula-
tion stationary joint density function g (a,e | 8y), each of them of size N € {1,000, 5,000,
10,000}*. We first sample the two state labor efficiency units using the marginal station-
ary distribution in (2.13). Given the draws on the efficiency units, we then approximate
the population density of wealth, g (a|6p), using I = 500 uniform grid points between
a = 0 and ay., = 100, from which we sample values of individual wealth using a slice
sampler. For each simulated sample, we proceed to estimate the model’s full parameter
set using the proposed maximum likelihood estimator when the econometrician only has
access to data on wealth, and when also has data on wealth and income. The numerical
maximization of the log-likelihood function is carried out by means of a Global Search
algorithm with 250 initial stage points and 500 trial points.

Table 2 summarizes the results. For each parameter 6 € 0, it reports: (i) the Me-
dian Normalized Bias, MNB = median{(0,, — 6y)/6}; (ii) the InterQuartile Range,
IQR = Q3 — @1, where ()1 and Q)3 are the 25th and 75th percentiles of the distribution
of the parameter estimate; and (iii) the Mean Absolute Normalized Errors, MANE =
(1/M) Zm|(ém —06y)/6y|. We report normalized metrics in order to avoid scale problem
when comparing estimates across parameters. Panel A present results when the only data
used in the estimation is individual wealth, while Panel B reports the results when data
on both individual wealth and income are used. A careful analysis of the (normalized)
mean and median biases, and the interquartile range provides information on the small
sample distributions of the parameter estimates. In particular, substantial differences
between (the absolute value of) MNB and MANE point towards small sample parameter
distributions that are skewed, while large values for the IQR would imply high levels of
uncertainty around the parameter’s estimate.

The simulation results suggest that some of the model parameters exhibit large biases
that persist even as the sample size increases. This includes the coefficient of relative
risk aversion, 7, the levels of labor efficiency units, {e;, e}, and their transition rates,
{bin, dri}. In particular, their ML estimates imply extremely risk averse households as
well as income levels and transition rates that are up to 2 and 4 times higher than their
population values. Their distributions are skewed and show considerable variability. On
the other hand, the biases on the discount rate, p, the capital share in production, «,
and on the depreciation rate, d, are within reasonable ranges, even in small samples.

In general, increasing the sample size reduces the estimated bias for most of the pa-

4Each Monte Carlo experiment takes up to 28 hours on a dedicated 32 cores Xeon server.
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Table 2. Finite sample properties of the ML estimator. For each 6 € 8, the table
reports the Median Normalized Bias (MNB), the InterQuartile Range (IQR), and the Mean
Absolute Normalized Errors (MANE) from a Monte Carlo experiment using M = 200 samples,
each of size N = {1,000, 5,000, 10,000}. Results in Panel A are based on cross-sectional data
on wealth only, while those in Panel B are based on cross-sectional data on both wealth and
income.

MNB IQR MANE MNB IQR MANE MNB IQR MANE
0 N=1,000 N=5,000 N=10,000

Panel A: Wealth only
5 7.139 7.148 6.374 2.399 6.487 3.739 3.165 5.960 3.754
p 0.056 0.051 0.506 -0.058 0.035 0.383 0.058 0.025 0.303
o)

]

0218  0.055 0.225 | -0.243  0.068 0.239 | -0.205  0.077 0.192
0.118 0.021 0.212 0.114 0.022 0.189 0.083 0.021 0.180
el 4.689 0.498 4.337 4.126 0.745 3.723 3.651 0.823 3.299
en 0.892 0.674 0.867 0.926 0.746 0.890 0.715 0.858 0.719
bun 0.071 7.464 0.468 | -0.093  4.576 0.351 0.030 3.424 0.282
Dni 0.457 1.704 2.004 | -0.061 1.142 1.547 0.257 0.746 1.039

Panel B: Wealth and income
~ 4.028 8.076 4.797 0.084 3.535 2.297 0.057 2.498 1.933
p 0.168 0.040 0.431 -0.011 0.024 0.312 0.223 0.022 0.308
Q@
1)

-0.205 0.089 0.215 -0.229 0.060 0.221 -0.138 0.062 0.155
0.125 0.020 0.200 0.135 0.019 0.194 0.091 0.028 0.201

e 4.378 0.864 4.153 2.016 0.996 2.905 0.650 0.810 2.114
en 0.940 0.739 0.848 0.898 0.714 0.858 0.567 0.730 0.618
Gin -0.070 5.968 0.417 0.057 5.270 0.389 0.120 3.798 0.351
bni -0.070 0.470 0.449 0.046 0.430 0.398 0.139 0.296 0.355

rameters as well as the uncertainty around them. Panel A shows that augmenting the
sample size from N=1,000 to N=>5,000 observations reduces the MANE of largely biased
parameters by around two to three orders of magnitude. On the other hand, Panel B sug-
gests that using data on both individual wealth and individual income generally delivers
ML estimates with smaller biases, and relatively larger bias reductions as a function of
the sample size. This is particularly evident for v, e; and ¢y;. However, the additional
information brought by the use of income data has limited effects on the estimation errors

and biases for p, a and 9.

5. The Kullback-Leibler divergence

Overall, the finite sample results for the unrestricted ML estimator reveal substantial
differences among parameter estimates that could suggest potential identification prob-
lems, particularly for those that exhibit considerable normalized errors. To investigate
this possibility we take one step back and look at the model’s implied population dis-
tribution function, Gy = G (a,e | 0y), and its associated population density function,

go = g (a,e | By). Since the model’s probability density function constitutes the building
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block of the maximum likelihood estimator in (3.1), examining its behavior will provide
valuable information on whether it is possible to achieve identification of the model pa-
rameters using the likelihood of the data. In particular, we are interested in studying
the sensitivity of the population distribution to small perturbations in the values of the
model’s structural parameters.

We propose to use the Kullback-Leibler (KL) divergence, or relative entropy, to mea-
sure the divergence between any two distributions (see Kullback and Leibler, 1951 and
Kullback, 1959). Let G = G (a,e | 8) and § = g(a,e | 0) denote the model’s implied
wealth-income distribution and density functions for 8 # 6y. Then, the KL divergence
from G to Gy is defined as

Dxk1, (GO Il é) = Z;/aeAg(a,e | 60) log (%) da.

The value of the KL divergence, k > 0, measures the information differences between the
two distributions Gy and G. Itk = 0, then if follows that Gy = G almost everywhere
in A x &£, despite the fact that 8 # 6,. For £ > 0, however, the KL. divergence does
not help to assess whether the difference between the two distributions is large or small
along A x £. Following McCulloch (1989), we therefore map the KL divergence between
wealth-income distributions to the KL divergence between the two Bernoulli distribu-
tions, B (0.5) and B (q), where the implicit probability ¢ is chosen in such a way that
Dk (B(0.5) || B(q)) = Dkr(Go ] é)’ As an example, suppose that the probability
implied by the two distributions Gy and G is g = 0.51. This corresponds to assign-
ing a fair coin toss a probability of 0.51 when the true probability is 0.5. Interestingly,
Akaike (1973) and White (1982) have shown that mingece Dx (Gl || é) = maxgee LN as
N — o0o. Therefore, from an asymptotic perspective, the KL divergence can be used as
a device to explore the behavior of the log-likelihood function around the 6, and hence,
to inform on the ability of the ML estimator to identify the model parameters.

Figure 1 plots the probability ¢ implied by the KL divergence from G to G as we vary
each 0 € @ while keeping the remaining parameters at their population values. All the KL
divergences, with the exception of that for ~, are constructed using parameter values that
are 50% below and 50% above of the true parameter value. In the case of v, we employ
values that lie 100% below and 100% above its population value. A dotted vertical line
denotes the value in the DGP. The results suggest, that all things equal, small perturba-
tions to p, a and ¢ have a large impact on the shape of the joint distribution of wealth
and income. Therefore, conditional on a given sample being observed, the ML estimator

should be able to identify these subset of parameters given that small differences in their

SMcCulloch (1989) shows that the KL divergence from B(q) to B(0.5) is given by
Dk (B(0.5) || B(q)) = —log (4g (1 — ¢)) /2. Thus, ¢ measures the divergence of an arbitrary Bernoulli
trial from a fair Bernoulli trial. Given the KL divergence k from G to G, it is straightforward to compute
the implied probability q.
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Kullback-Leibler divergence. The graph plots the implied probability ¢ as-
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parameter at a time while keeping the remaining ones at their population value. The vertical

dashed line denotes the true parameter value.

values will produce significantly different density functions. On the contrary, the influence

of v and some of the income process parameters is small which suggest that the likelihood

surface will be flatter along these dimensions of the parameter space reducing the ability
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of the ML estimator to identify them from a given sample. This lack of curvature could
explain the poor performance of the unrestricted ML estimator along these dimensions of
the parameter space described in Section 4. To further exemplify the previous argument,
Figure 2 plots the model’s implied density of wealth for different values of the coefficient
of relative risk aversion and the share of capital in output. As suggested by the KL
divergence, small perturbations in + have virtually no effect on the wealth distribution,

whereas small changes in « lead to substantial differences in the wealth distribution®.

6. Calibration and estimation

Although the results from the previous section indicate that the parameter estimates
approach their true values in the population as the sample size increases, they also suggest
that the identification power of the likelihood function of wealth and income is reduced in
some dimensions of the parameter space, particularly in small samples. For the prototype
economy of Section 2, these inaccuracies are reflected in poor estimates of the parameters
related to the exogenous income process and of the coefficient of relative risk aversion.
A common practice among economists to get around this obstacle is to calibrate the
parameters that are problematic, and estimate the remaining ones.

To assess the consequences of following such a strategy, we begin by investigating
the finite sample behavior of the ML estimator when the exogenous income process is
externally calibrated. This strategy closely resembles the standard practice followed in
the heterogeneous agent literature (cf. Benhabib et al., 2019, Abbott et al., 2019 and
Luo and Mongey, 2019). We conduct a set of Monte Carlo experiments where we ana-
lyze the properties of the ML estimator conditional on the following restrictions on the
income parameters: (i) the income levels, e, and e, are fixed to their population values;
(ii) the transition rates, ¢y, and ¢y, are fixed to their population values; (iii) all income
parameters are fixed to their population values. Each Monte Carlo simulation is based on
M = 200 samples generated from the model’s population stationary probability density
function, each of them of size N = 5,000. Table 3 summarizes the results by reporting the
mean absolute normalized errors, MANE, and the median normalized bias, MNB. Panel
A reports the outcomes when only data on individual wealth is used in the estimation
and Panel B reports the results when data on both individual wealth and income is used.
The last column from each panel replicates the unrestricted ML estimation from Section
4 for comparison.

The results show that calibrating the levels of the income process alone reduces both
the absolute errors and the estimates’ biases considerably. This is particularly the case

for the coefficient of relative risk aversion and the capital share in output, and to a lesser

6The sensitivity of the wealth distribution to changes in the remaining parameters of the model can
be found in the Online Appendix E.
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Figure 2. Sensitivity of the wealth distribution. The graph shows the sensitivity of the
distribution of wealth, g (a|@), for selected parameters. The dashed line denotes the population
density of wealth. The continuous lines correspond to the density of wealth resulting from small
perturbations in each parameter while keeping the remaining ones at their population value.

extent, for the transition rates. On the other hand, calibrating the transition rates of the
income process alone has limited consequences. Although it helps to reduce the bias in
~ by nearly half of that obtained from an unconstrained estimation, there is virtually no
effect on the errors of the remaining parameters. If instead, we calibrate all the income
parameters simultaneously, the ML estimator yields sharper estimates for the relative risk
aversion but deteriorates the precision with which the depreciation rate can be estimated.
Interestingly, note that the use of income data, in addition to wealth data, does not pro-
vide any additional information that can help to identify the income levels. This is most
likely due to the fact that the income data in this model is represented by a binary variable
and hence it only contains information about the stationary probabilities of states.

To further understand the effects of partially, or completely, calibrating the income
process, Figure 3 plots the finite sample distribution of parameter estimates for the cases
(i), (ii), and (ili) when we use data on wealth and income in the estimation. A dotted
vertical line represents the true parameter values. The figure confirms not only that a
strategy based on calibrating the income levels delivers relatively unbiased parameter es-
timates, but also more precise estimates, as measured by the dispersion around the mean

estimates. On the contrary, the simultaneous calibration of all income parameters pro-
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Table 3. Conditional estimates: income process calibrated to their population
values. The table reports the Mean Absolute Normalized Error (MANE) and the Median
Normalized Bias (MNB, in parenthesis) from a Monte Carlo experiment with M = 200 samples,
each of them of size N = 5,000. The ML estimation is conditional on the income parameters
being calibrated to their population values as indicated in the second row.

Panel A: Wealth only Panel B: Wealth and income

0 Income  Transition All No Income  Transition All No
levels rates income | restr. levels rates income | restr.
0% 0.550 1.518 0.487 3.739 0.436 1.423 0.489 2.297
(=0.029) (0.867) (=0.100) | (2.399) (=0.070) (0.476) (=0.073) | (0.084)
p 0.322 0.403 0.341 0.383 0.284 0.403 0.343 0.312
(=0.197) (0.176) (=0.354) | (=0.058) | (—=0.2551) (0.079) (=0.357) | (=0.011)
o 0.080 0.279 0.173 0.239 0.067 0.278 0.185 0.221
(-0.027) (—0.263) (=0.153) | (—0.243) | (—0.033) (—0.258) (=0.147) | (—0.229)
19 0.145 0.255 0.318 0.189 0.124 0.277 0.345 0.194
(0.004) (0.060) (=0.130) | (0.114) (0.004) (=0.031) (=0.138) | (0.135)
€] €10 3.476 €10 3.723 €10 3.040 €1,0 2.905
(3.527) (4.126) (2.001) (2.016)
e €h,0 1.068 €h,0 0.890 €h,0 0.918 €h,0 0.858
(1.203) (0.926) (0.775) (0.898)
o, 0.350 ®1h0 D1h0 0.351 0.211 Dih0 ®1h0 0.389
(=0.127) (=0.093) | (=0.092) (0.057)
¢hl 0.718 Qbhl,O ¢hl70 1.547 0.220 ¢hl,0 ¢hl,0 0.398
(—0.134) (—0.061) | (—0.085) (0.046)

duces sharp estimates of v and p but it also generates distributions that exhibit multiple
modes for o and § that could suggest further identification problems’. To investigate this
claim we compute the KL divergence from G to Gy, and the associated implied probabil-
ity g, that results from varying both o and ¢ simultaneously while keeping the remaining
parameters at their population values. Figure 4 plots the contour for ¢ («, §) which shows
the presence of a ridge in the v — 9 space. In other words, a proportional increase in
both parameters produces almost observationally equivalent distribution functions, and
therefore partial identification problems.

The tight relation between a and § is an example of identification deficiencies that
are rooted in the economic theory and could persist even in samples of finite size. As
an example, consider the steady state capital-output ratio from the standard neoclassical
growth model, K/Y. Assuming that the gap r — p does not vary significantly with «
and ¢, and thus implicitly assumed to be relatively constant, the capital-output ratio of
the Bewley-Hugget-Aiyagari economy is proportional to that of the neoclassical growth
model, K/Y o« a/(p + §). Therefore, for a given stationary capital-output ratio, and
a given discount rate, the stationary equilibrium leads to a positive relation between «
and ¢ similar to that depicted in Figure 4. The Monte Carlo evidence suggests that

the multimodality in these two parameters, with their corresponding implications for

7An earlier version of this paper shows that the multimodality in these parameters’ density remains
even in large samples (see, Parra-Alvarez et al., 2017).
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Figure 3. Finite sample distribution of parameter estimates. The graph plots the kernel
density of estimated parameters across M = 200 random samples of size N = 5,000 generated
from the true data generating process. The estimation uses data on individual wealth and
income. The vertical line denotes the true parameter value.

identification, can be alleviated by calibrating the income process only partially. As
shown in Figure 3 the calibration of the income levels or of the transition rates yields
distribution of estimates for a and § that are unimodal and at the same time do not affect
the accuracy with which ~ can be identified. Hence, allowing a and ¢ to interact with some
of the income parameters during the estimation process provides a better identification.
Note, however, that fixing the values for the income levels provide the best results in terms
of bias reduction, correct identification and reduced variability of parameter estimates.
We next investigate the finite sample implications for our ML estimator of calibrating
some of the household’s and firm’s structural parameters, while estimating all of the re-
maining parameters, including those describing the income process. We conduct a Monte
Carlo simulation under the following restrictions: (i) v is calibrated to its value in the
population; (ii) p is calibrated to its true value in the population; (iii) « is calibrated to
its value in the population; (iv) ¢ is calibrated to its value in the population; and (v) «
and 0 are calibrated to their values in the population. Table 4 summarizes our results by
reporting the MANE and the MNB when using data on individual wealth and individual

income in the estimation. The last column reports the results for the unrestricted ML
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Figure 4. Kullback-Leibler divergence. The graph plots the contour of the implied prob-
ability ¢ associated with the bivariate KL divergence that results from varying o and § simul-
taneously while keeping the remaining parameters at their population value. The dot denotes
the true parameter value.

estimation from Section 4 for comparison. The results suggest that calibrating v reduces
the biases and estimation errors in some dimensions of the parameter space. On the
other hand, calibrating p, a and ¢ separately hardly affects inferences at all. Interest-
ingly, calibrating o and ¢ simultaneously does not generate an overall improvement over
alternative calibrations.

In general, our calibration experiments point towards a strategy based on calibrating
parameters that are weakly identified, as indicated by the KL divergence. This includes
the income levels or the coefficient of relative risk aversion. However, this approach
may not carry any improvement in the identification and estimation accuracy of the ML
estimator if the calibrated values happen to be different from those in the population.
Similar concerns have been raised previously in the context of linearized representative
agent models (see Canova and Sala, 2009). Therefore, we investigate if our previous re-
sults are sensitive to mis-calibration. In particular, we consider the effects of calibrating
the risk aversion coefficient, v, and the labor efficiency gap, Ae, to the values in Table 1
when in reality the true DGP is characterized by higher or lower values.

Table 5 reports the results from a Monte Carlo simulation with M = 200 samples of
wealth and income, each of size N = 5,000. Due to the non-linear dependences among all

structural parameters of the model, we report the MANE and MNB for some of the key
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Table 4. Conditional estimates: preference parameters calibrated to their popula-
tion values. The table reports the Mean Absolute Normalized Error (MANE) and the Mean
Normalized Bias (MNB, in parenthesis) from a Monte Carlo experiment with M = 200 samples,
each of them of size N = 5,000. The ML estimation is conditional on the preference parameters
being calibrated to their population values as indicated in the second row. The ML estimation
uses data on individual wealth and income.

Wealth and income
0 ~y p « ) « and d No
restrictions

y Y0 2.4793 3.0433 2.6989 2.5315 2.2969
(0.633) (0.065) (0.055) (0.010) (0.084)
P 0.3745 00 0.3604 0.3291 0.4754 0.3125
(0.170) (—0.234) (—0.027) (—0.484) (—0.011)
« 0.1817 0.2686 o 0.2545 g 0.2206
(—0.178) (—0.269) (—0.267) (—0.229)
1) 0.1783 0.1982 0.5313 do do 0.1941
(0.143) (0.068) (0.612) (0.135)
el 1.4518 3.3686 2.1285 2.9364 0.7651 2.9053
(0.945) (2.605) (1.296) (1.831) (0.148) (2.016)
en 0.8410 0.9460 0.5563 0.8214 0.2340 0.8579
(0.873) (0.974) (0.575) (0.882) (—0.241) (0.898)
din 0.3681 0.4152 0.4476 0.4136 0.4391 0.3891
(0.342) (=0.092) (—0.059) (0.078) (—0.323) (0.057)
Ohi 0.3830 0.4157 0.4556 0.4182 0.4471 0.3979
(0.320) (—0.083) (—0.089) (0.064) (—0.352) (0.046)

macroeconomic statistics implied by the model. In particular, we analyze the effects of
a higher and lower income level gap and relative risk aversion on the steady state levels
of the capital-output ratio, K/Y, of the interest rate, r, of the aggregate savings rate,
(Y — C)/Y, of the Gini coefficient, and of the Lorenz curve®. For comparison, the table
also reports the case where A, and v are calibrated to the values in Table 1.

The mis-calibration of the income levels can have a substantial impact on the ac-
curacy with which the implied aggregate statistics can be estimated, and thus lead to
wrong inferences. In particular, we find that a calibrated income gap that is higher than
its value in the population leads to considerable biases in the steady state capital-output
ratio, the steady state interest rate and the overall implied wealth distribution. On the
other hand, the mis-calibration of the coefficient of relative risk aversion has a negligable
effect on the implied macroeconomic quantities. This result is consistent with the fact
that the shape of the wealth distribution is not sensitive to changes in v, as suggested by
the KL divergence and documented in Figure 1.

In summary, our Monte Carlo evidence suggests that p, @ and § can be identified and
accurately estimated with the use of cross-sectional data on individual wealth and income

by means of our proposed ML estimator. On the other hand, the coefficient of relative

8Similar statistics for all the Monte Carlo simulations described in the paper are available upon
request.
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Table 5. Conditional estimates: alternative data generating process. The table
reports the Mean Absolute Normalized Error (MANE) and the Median Normalized Bias (MNB,
in parenthesis) from a Monte Carlo experiment with M = 200 samples, each of size N = 5,000,
generated under alternative data generating process. In particular, A, larger uses e = 1.5 and
e; = 0.1; A, smaller uses e, = 0.5 and ¢; = 0.1; « higher uses v = 2.0; and ~ lower uses v = 0.5.
The ML estimation uses data on individual wealth and income.

Wealth and income
A, larger A, A, =0.8 ~ higher v lower v=1.0
smaller

K/Y 0.2434 0.3732 0.0358 0.2888 0.2631 0.3081
(0.236) (—0.378) (0.021) (—0.283) (—0.275) (—0.299)

Interest rate 0.3008 0.9752 0.2841 0.5798 0.4342 0.3740
(—0.278) (1.002) (—0.255) (0.604) (0.462) (0.169)

Savings rate 0.1717 0.1410 0.1149 0.1394 0.1916 0.1969
(0.134) (0.118) (0.029) (—0.055) (—0.194) (—0.200)

Gini Coeft. 0.0550 0.1204 0.0398 0.0403 0.0206 0.0396
(—0.055) (0.123) (—0.040) (—0.040) (0.021) (—0.039)

Bottom 50% 0.0507 0.1028 0.0387 0.0368 0.0187 0.0386
(0.051) (=0.105) (0.038) (0.036) (=0.019) (0.038)

Top 10% 0.0390 0.1088 0.0248 0.0288 0.0153 0.0243
(—0.040) (0.111) (—0.025) (—0.028) (0.015) (—0.025)

risk aversion and the parameters describing the exogenous income process display some
identification challenges that may lead to inferential problems that persist even in large
samples. Following standard practice in macroeconomics, we find that a mixed strategy
where a subset of the troublesome parameters are calibrated provides a considerable im-
provement in terms of statistical precision without affecting the overall results. Given
the inherent uncertainty around the correct parameter values to use in the calibration,
the results suggest that fixing the value of the relative risk aversion, and not the income

levels, provides the best finite sample performance of the ML estimator.

7. Empirical illustration

This section provides an empirical illustration of our likelihood approach by estimating
the parameters of the Bewley-Hugget-Aiyagari model of Section 2 for the U.S. economy
using the wealth and wage income data reported in the Survey of Consumer Finances
(SCF) for the year 2013°.

In order to accommodate the high degree of wealth inequality observed in the data,
we follow Castaneda et al. (2003) and expand the number of labor efficiency states in the

prototype economy to four so that the endowment process now follows a continuous-time

9Tt should be stressed that our benchmark model is most likely misspecified as it does not account
for some of the main drivers that characterize the wealth distribution in the U.S. Hence, the estimates
reported are subject to considerably misspecification bias, and should be interpreted with caution.
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Table 6. Maximum likelihood estimates. The table reports the maximum likelihood es-
timates (MLE) of the model parameters and their 95% confidence intervals computed from a
non-parametric bootstrap with M = 100 samples. The estimation sample contains N =18,631
observations on individual wealth and income. The coefficient of relative risk aversion is cali-
brated to v = 1.0.

Panel A: Preference parameters

Parameter ¥ P « )
Value 1.0 0.1120 0.5601 0.0306
[0.1077,0.1138] [0.5507, 0.5624] [0.0256, 0.0349]

Panel B: Income levels, e;

Parameter el €s es ey
Value 0.1130 0.1164 0.2586 5.2823
[0.1129,0.1329] [0.1161,0.1371] [0.2450, 0.2653] [4.9703, 5.4561]

Panel C: Intensity rates, ¢;; (x 100)

i\J 1 2 3 4
1 0 0.0006 0.2275 0.3055
[0.0005, 0.0008] [0.2119, 0.2480] [0.2334, 0.3073]

2 0.1427 0 0.0001 0.2128
[0.1089, 0.1503] [0.0001, 0.0002] [0.1859, 0.2452]

3 0.2045 0.1842 0 0.0000
[0.1686, 0.2124] [0.1653,0.1972] [0.0000, 0.0000]

4 0.0012 0.0013 38.9288 0
[0.0010, 0.0016] [0.0008, 0.0015] [37.8903, 43.2152]

Markov chain with state space £ = {ey, €2, €3, e4} that evolves over time according to

de; = ZZ (e —ej)dgije, €0 €€,
i i
and where e; < ey < eg < es. The Poisson processes ¢;;¢ for all 7,7 =1,...4 and ¢ # j
count the frequency with which an agent moves from state ¢ to state j. Associated with
each efficiency level, we define ¢;; > 0 to be the instantaneous transition rate from state
1 to state 7. Since individuals cannot transit to state ¢ while currently being in the same
state, it follows that ¢y =0, for all i =1,...,4.

The estimation sample includes data on households with positive net worth and pos-
itive income (per hundred thousand) in order to be consistent with the model’s non-
negative borrowing constraint. The wealth data corresponds to the net-worth reported
in the Summary Extract Public Data provided by the SCF. To obtain an equally weighted
sample of household wealth, we resample the net-worth data using the weights provided
by the SCF. The wage income data is recoded into four discrete states, where each state
corresponds to income levels belonging to one of the following pre-defined quantile bins:
0-25, 25-50, 50-99, 99-100. The unequal spacing of the quantile bins tries to accommodate
the high degree of income inequality in the data'’. The final sample includes N =18,631

individuals.

10Using equally spaced quantile bins will produce much smaller overall estimates of the actual wealth-
income inequality.
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Table 7. Transition probability matrix and stationary probabilities of the endow-
ment of efficiency levels. Panel A reports the implied maximum likelihood estimates (MLE)
of the transition probabilities and and their 95% confidence intervals computed from a non-
parametric bootstrap. Panel B reports the implied maximum likelihood estimates (MLE) of
the stationary probabilities of labor efficiency units and their 95% confidence intervals computed
from a non-parametric bootstrap.

Panel A: Transition probability matrix, p (e;, e;,t) (%)

€1 €9 €3 €4

el 99.47 0.00 0.28 0.25
[99.46,99.55] [0.00, 0.00] [0.26,0.30] [0.19,0.25]

e 0.14 99.65 0.04 0.18
[0.11,0.15] [99.63,99.69] [0.03,0.04] [0.15,0.20]

es3 0.20 0.18 99.61 0.00
[0.17,0.21] [0.17,0.20] [99.61, 99.66] [0.00, 0.00]

€4 0.04 0.03 32.18 67.75
[0.03,0.04] [0.03,0.04] [31.48, 35.02] [64.91, 68.46]

Panel B: Stationary probabilities (%)

b (e:) 25.50 25.34 18.83 0.34

[24.78, 26.15] [24.76, 26.10] [47.94, 49.26] [0.28,0.34]

The model’s solution is approximated on a grid for wealth containing I = 500 equally
spaced points. The resulting (negative) log-likelihood function is then minimized us-
ing a GlobalSearch algorithm with 1000 random trial points. We use a non-parametric
bootstrap to compute confidence intervals for the parameter estimates using M = 100
bootstrap samples'!. Following the Monte Carlo evidence of Section 6, we do not at-
tempt to estimate the coefficient of relative risk aversion, . Instead, we calibrate it to
1.0 and estimate all the remaining parameters. Alternative calibrations result in lower
log-likelihood values.

Table 6 reports the maximum likelihood estimates together with their 95% confidence
intervals. In Panel A we present the results for the preference parameters, in Panel B
for the income or labor efficiency levels, and in Panel C for the intensity rates associated
with each of the count processes that describe the idiosyncratic income dynamics in the
economy. Our estimates capture a considerable and persistent degree of income inequal-
ity as suggested by the extreme estimate for e, in Panel C which is nearly 50 times the
average income of the least efficient individual. It also suggests that the most produc-
tive households are about 20 times more productive than the second most productive
households. With respect to the preference parameters in Panel A, we find that while the
estimates for the discount rate and the capital share of output are somewhat above the
values usually reported in the literature, the estimate for the depreciation rate is below.

To provide a better understanding of the estimated intensity rates in Panel B of Table
6, we compute the associated transition probabilities, i.e., the probability that the income

process currently in state ¢ transits to state 7 at an instant later in time. We denote these

1 The bootstrapping exercise is computationally demanding. Estimation with M = 100 samples takes
about 58 hours on a dedicated 32 cores Xeon server.
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Table 8. Wealth Inequality: data vs. model. The table reports the observed and
estimated Gini coefficient and the distribution of wealth across top percentiles. It also reports
95% confidence intervals computed from a non-parametric bootstrap.

% wealth in top
Gini Coefficient 5% 10% 20%
SCF 2013 data 0.8048 57.73 70.27 83.44
Model implied 0.7912 44.30 63.82 83.57
[0.7817, 0.7939] [42.98,44.76] [62.27, 64.31] [82.27, 83.91]

probabilities by p (e, e;,t) = P (e = €; | es = ¢;) for all s < ¢'?. Panel A of Table 7
reports the implied transition probabilities for the endowment process of efficiency units.
Panel B reports the corresponding limiting distribution defined as p (e;) = limy—,00 p (€5, 1),
where p (e;,t) denotes the unconditional probability of being in state i at time ¢.

Panel A indicates that the ML estimates of the intensity rates imply a very persis-
tent income process, specially for the first three efficiency states. The table shows that
individuals whose current efficiency endowment is either e, ey or ez will rarely move to
a different state. On the other hand, the most productive individuals have a relatively
high probability to move to the second most productive level of efficiency. The station-
ary probabilities reported in Panel B closely match the allocation of households into the
different income bins: the mass of agents in the first and second income/efficiency level
is about 25%, the mass in the third level close to 50%, and finally, the mass of agents
with extremely high income levels does not exceed 1%.

Finally, Table 8 compares some wealth statistics computed from the data to those
implied by the estimated model. In particular, it reports the Gini coefficient and the per-
centage of total wealth held by the top 5, 10 and 20 percentiles. Strikingly, the estimated
model can match the data on wealth inequality quite well considering the simplistic na-
ture of the model. Similar to previous literature which successfully matches the wealth
distribution by focusing on labor income, our estimates indicate that the data favors
the inclusion of an “awesome state” (see Benhabib and Bisin (2018) for a discussion.).
In particular, a high degree of income inequality is needed for the prototype model to
generate a skewed wealth distribution. It should be stressed that we view our results not
as evidence for this particular income process. As Benhabib and Bisin (2018) point out,
the implication of the “awesome state” in the labor income process is very likely to be
counterfactual to the actual income data. The estimated income process simply captures
all other relevant wealth inequality driving forces (bequest, entrepreneur risk, explosive
wealth accumulation, etc.) that are not present in our simple model. The estimated
parameters of the labor efficiency process are mostly likely the key driving force for the

high degree of the wealth inequality.

I2A complete derivation of the transition probabilities can be found in the Online Appendix C.
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8. Conclusions

In this paper we introduce a likelihood approach to estimate the structural parameters of
macroeconomic models with heterogeneous agent using microeconomic data. The feasi-
bility of our approach follows from the use of continuous-time methods and in particular
from the use of the Fokker-Planck equations that describe the stationary probability den-
sity function of the model which can then be used to build the model’s likelihood function.

Using a standard Bewley-Hugget-Aiyagari model as the data generating process, we
perform extensive Monte Carlo experiments to study the finite sample properties of the
proposed maximum likelihood estimator. To investigate its identification power, we pro-
pose to use the Kullback-Leibler (KL) divergence as a tool to determine potential sources
of irregular behavior in the likelihood function before any estimation is conducted.

The simulation results show that the parameters related to the supply side of the
economy and the household’s subjective discount rate can be identified and accurately
estimated with the use of cross-sectional data on individual wealth and income. However,
the coefficient of relative risk aversion and the parameters describing the exogenous in-
come process display some identification challenges that materialize in significant biases
that persist even in large samples. The KL divergence indicates that changes in these
parameters do not affect the shape of the wealth distribution, and therefore imply flat
likelihood surfaces in these dimensions of the parameter space. The lack of curvature
translates into weakly identified parameters that could lead to incorrect inferences.

Following standard practice we instead calibrate some of the troublesome parameters
and estimate all remaining ones. Simulation evidence suggest that this approach delivers
significant improvements over the unrestricted maximum likelihood estimation. However,
given the risk of mis-calibrating some of these parameters, our results favor fixing the
risk aversion coefficient over any of the income parameters.

To illustrate our approach, we provide a small empirical application in which we
estimate the parameters of a extended version of our benchmark Bewley-Hugget-Aiyagari
model using household data on wealth and income from the Survey of Consumer Finances.
Despite the simplistic nature of the model, our estimates match the data quite well
as measured by the implied Gini coefficient and the distribution of wealth across top
percentiles.

Our results are encouraging and suggest an important role for likelihood-based meth-
ods in heterogeneous agent macroeconomic models. The increased quality and quantity
of micro data should direct future research towards more sophisticated models, like those
studied in Krusell and Smith (1998), Cagetti and Nardi (2006), Angeletos and Calvet
(2006), Angeletos (2007) and Benhabib et al. (2011), among others, which also allow for
more realistic income processes like those in Achdou et al. (2014) and Gabaix et al. (2016).

This will help to extend the information set used in the estimation process, potentially
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increase the identification power of the structural parameters, and eventually provide a
better fit of the wealth distribution.
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