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Abstract:

A joint model of macroeconomic and term structure dynamics is specified and
estimated for the euro area. The model comprises a backward-looking Phillips
curve, a dynamic IS equation, a monetary policy rule as well as a specification
of the dynamics of trend growth and the natural real interest rate. Under the
condition of no arbitrage, yields of all maturities are affine functions of the
macroeconomic driving forces. With the exception of a shock to potential output
growth, the response of short-term yields to macroeconomic shocks is generally
stronger than that of long-term yields. Impulse responses of all bond yields are
fairly persistent, which reflects the persistence of their macroeconomic driving
forces. Across the whole maturity spectrum, about ninety percent of the variation
in yields is explained jointly by monetary policy shocks and shocks to the natural
real rate of interest; the relative contribution of the latter shock increases with time
to maturity. Cost-push shocks explain at most eight percent, while shocks to the

output gap play an even less important role.
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Non-technical summary

Financial institutions, private investors and monetary policy makers take a vital
interest in understanding and quantifying the impact of key macroeconomic variables
on the price and return dynamics of financial assets. This applies in particular to
the determinants of the term structure of interest rates, that is, the joint evolution
of government bond yields of different maturities. This paper addresses this issue
for the euro area: using a small structural model it is assessed which fraction of the
variation of a particular bond yield can be attributed to its different macroeconomic
driving forces. Moreover, it is explored how unexpected changes (‘shocks’) to these
variables affect the shape of the term structure over time.

The model consists of two components. The core elements of the first compo-
nent — the macroeconomic module — are given by the equations determining inflation
(Phillips curve), the output gap, i.e. the deviation of actual production from poten-
tial, (dynamic IS curve) and the nominal short-term interest rate (monetary policy
rule of the Taylor type). These equations are supplemented by specifications of the
dynamics of potential output growth and the — closely related — natural real rate of
interest. The difference between the natural and the actual real rate of interest can
be interpreted as a measure of the restrictiveness of monetary policy.

The monetary policy reaction function provides the nexus to the second mod-
ule, which captures the relation between the term structure of interest rates and its
macroeconomic determinants. Under the condition of absence of arbitrage opportu-
nities, long-term rates are averages of future expected short rates corrected for risk
premia. As the short rate depends in turn on macroeconomic state variables via the
monetary policy rule, the model’s macroeconomic variables determine the evolution
of bond yields of all maturities. Accordingly, risk premia are determined by the
weighted volatilities of the macroeconomic factors, where the weights are given by
the respective ‘market prices of risk’.

The model is estimated using quarterly macroeconomic data (short-term inter-
est rate, inflation, growth rate of gross domestic product) for the euro area for the
period from 1981 to 2006. The data set for the time before 1999 relates to a hy-
pothetical euro area. Data on long-term bond yields with maturities of one, two,
three, five, seven and ten years are also employed, but only as of 1998. Unlike for the
macroeconomic data, synthetical interest rates for the time before 1998 are not used
for estimation, because one cannot suppose that these hypothetical yields would

satisfy the no-arbitrage condition.



The fit of the model with respect to long-term rates is satisfactory, so it can be
used for policy analysis. An impulse-response analysis is employed to explore how
the various long-term interest rates react to macroeconomic shocks. In response
to a shock to inflation, the output-gap and the nominal short rate, the short end
of the yield curve will react stronger than longer-term bond yields. In contrast,
in the first periods after a positive shock to the natural real rate of interest, the
magnitude of reaction increases with time to maturity. Only after several quarters
the ‘term structure of impulse responses’ will invert. As a general pattern, impulse
responses of all bond yields are fairly persistent, which reflects the persistence of
their macroeconomic driving forces.

A forecast-error-variance decomposition quantifies which fraction of the varia-
tion of bond yields can be attributed to the different macroeconomic shocks. It
turns out that for all maturities, about ninety percent of the yield variation can be
attributed to monetary policy shocks and variations in the natural real rate of inter-
est; the relative contribution of the natural real rate of interest increases with time
to maturity. Idiosyncratic fluctuations in inflation explain at most eight percent,
whereas business cycle fluctuations account for an even smaller fraction of bond
yield variation. However, it is important to keep in mind that these results refer
to the theoretical forecast-error-variance decomposition implied by the model. If
additional latent factors were introduced to increase the empirical fit, they would
presumably account for some of the variation of yields that is now captured by the
interpretable macroeconomic factors. Moreover, even with respect to the latter,
some care has to be taken when interpreting the results: it cannot be fully ruled out
that the interpretable — via their roles in the structural model — but nevertheless
empirically unobservable variables ‘monetary policy shock’ and ‘natural real rate of

interest’ capture some residual variation.



Nicht-technische Zusammenfassung

Finanzinstitutionen, private Investoren und nicht zuletzt geldpolitische Entschei-
dungstréger haben ein Interesse daran, den Einfluss, den makrookonomische Schliis-
selvariablen auf die Preis- und Renditeentwicklung von Wertpapieren ausiiben, ver-
stehen und quantifizieren zu konnen. Dies gilt insbesondere fiir die Bestimmungsfak-
toren der Zinsfristigkeitsstruktur, also der absoluten und relativen Wertentwicklung
von Staatsanleihen verschiedener Laufzeiten. Im vorliegenden Papier wird dieser
Zusammenhang fiir das Eurogebiet analysiert: mit Hilfe eines kleinen strukturellen
Modells wird ermittelt, welcher Anteil der Zinsvariationen auf Schwankungen in
realen und nominalen makrookonomischen Grofen zuriickzufiithren ist und wie uner-
wartete Verdnderungen dieser Variablen (z.B. der Inflationsrate) die Entwicklung der
Zinsstruktur iiber die Zeit beeinflussen.

Das verwendete Modell besteht aus zwei Komponenten. Die Kernelemente der
ersten Komponente — des makrodkonomischen Moduls — sind die Bestimmungs-
gleichungen der Inflation (Phillipskurve), der Outputliicke, d. h. der Abweichung der
tatséchlichen Produktion vom Potential, (dynamische IS-Kurve) und des nominalen
Kurzfristzinses (geldpolitische Zinsregel vom Taylor-Typ). Diese Gleichungen wer-
den durch Spezifikationen der Dynamik des Potentialwachstums und des damit eng
verbundenen ‘natiirlichen” Realzinses ergédnzt. Die Differenz zwischen natiirlichem
und tatsdchlichem Realzins kann im Modell als ein Mak fiir den geldpolitischen
Restriktionsgrad interpretiert werden.

Die geldpolitische Reaktionsfunktion bildet die Verbindung zum zweiten Modul,
welches die Beziehung zwischen der Zinsstruktur und ihren makrodkonomischen
Bestimmungsfaktoren erfasst. Unter der Bedingung der Arbitragefreiheit ergeben
sich langfristige Zinsen als um Risikopramien korrigierte Durchschnitte erwarteter
Kurzfristzinsen. Da diese wiederum iiber die Geldpolitik von makrookonomischen
Grofen abhéngen, stellen letztere die Triebgrofen fiir das gesamte Laufzeitspek-
trum der Renditen dar. Entsprechend ergeben sich Risikopramien als die mit den
entsprechenden ‘Marktpreisen des Risikos’ bewerteten Unsicherheiten iiber die nicht-
prognostizierbaren makrookonomischen Entwicklungen.

Das Modell wird unter Verwendung von makrotkonomischen Vierteljahresdaten
(Kurzfristzins, Inflationsrate, Wachstumsrate des Bruttoinlandsprodukts) fiir den
Zeitraum von 1981 bis 2006 geschétzt. Der Datensatz fiir die Zeit vor 1999 bezieht
sich dabei auf ein hypothetisches Eurowahrungsgebiet. Fiir den Zeitraum ab 1998

werden aufserdem Langfristzinsen mit Laufzeiten von ein, zwei, drei, fiinf, sieben



und zehn Jahren in die Schéitzung einbezogen. Anders als bei den Makrodaten
werden also keine synthetischen Zinsséitze fiir die Zeit vor 1998 verwendet, da nicht
unterstellt werden kann, dass die Entwicklung dieser hypothetischen Renditen der
im Modell verwendeten Bedingung der Arbitragefreiheit geniigt.

Die Anpassung des Modells an die beobachteten Langfristzinsen ist zufriedenstel-
lend, so dass es fiir Politiksimulationen verwendet werden kann. Im Rahmen einer
Impuls-Antwort-Analyse wird untersucht, wie die unterschiedlichen Langfristzinsen
auf makrookonomische Impulse reagieren. Es stellt sich heraus, dass bei Inflations-,
Konjunktur- und geldpolitischen Impulsen die Zinsreaktion fiir kiirzere Laufzeiten
im Allgemeinen stérker ausfillt als fiir langerfristige Renditen. Im Unterschied zu
den drei genannten makrookonomischen Variablen reagieren bei einem Impuls des
natiirlichen Realzinses die Langfristzinsen zunéchst stérker als kiirzerfristige Ren-
diten. Erst einige Jahre nach dem Impuls kehrt sich diese Ordnung allméhlich um.
Grundsatzlich spiegelt sich bei allen Reaktionsverlaufen die hohe Persistenz der Dy-
namik der makrockonomischen Bestimmungsgréfsen in einer hohen Persistenz der
Reaktion der Zinsstruktur auf makrockonomische Impulse wider.

Mittels einer Prognosefehlervarianz-Zerlegung wird quantifiziert, welchen Anteil
die einzelnen makrookonomischen Bestimmungsgrofen an der Erklarung der Varia-
tion von Zinsen verschiedener Laufzeiten haben. Es stellt sich heraus, dass iiber das
gesamte Laufzeitspektrum hinweg ungefdhr neunzig Prozent der Zinsvariation auf
geldpolitische Impulse und Variationen im natiirlichen Realzins zuriickzufiihren sind.
Dabei steigt der relative Erklarungsanteil des natiirlichen Realzinses mit der Rest-
laufzeit. Idiosynkratische Schwankungen in der Inflationsrate erkldren hochstens
acht Prozent, wihrend Konjunkturschwankungen einen noch geringeren Erklarungs-
gehalt aufweisen. Allerdings ist zu beachten, dass sich diese Ergebnisse auf die the-
oretische Prognosefehlervarianz-Zerlegung beziehen. Wiirde man zusétzliche nicht
beobachtbare Faktoren ins Modell aufnehmen, um den empirischen Erkldrungsge-
halt zu verbessern, so wiirden diese Faktoren wahrscheinlich einen Teil der Zinsvari-
ation erkldren, der bei der jetzigen Spezifikation den interpretierbaren makrodko-
nomischen Grofen zugeordnet wird. Dariiber hinaus sollten auch beziiglich dieser
Faktoren die Ergebnisse mit Vorsicht interpretiert werden: die makrookonomischen
Grofsen ‘geldpolitischer Schock’” und ‘natiirlicher Realzins’ sind zwar {iber ihre Funk-
tion im Modell interpretierbar, jedoch nicht direkt empirisch beobachtbar; es kann
daher nicht ausgeschlossen werden, dass diese Variablen einen Teil der nicht erklér-

baren Variation der Anleiherenditen aufnehmen.






Contents

1 Introduction
2 The Model
2.1 The Macroeconomic Module . . . . . .
2.2 Pricing Long-Term Bonds . . . . . ..
3 Data and Estimation Approach
3.1 Macroeconomic and Bond Yield Data .
3.2  Estimation Approach . . . . . ... ..
3.2.1 Step 0: Calibration . . . . . ..
3.2.2 Step 1: Estimating ¥4 . . . .
3.2.3 Step 2: Estimating vy . . . . .
4 Results
4.1 Estimation Results . . . ... ... ..
4.2 Impulse Response Analysis . . . . . . .
4.2.1 Cost-Push Shock . .. .. ...
4.2.2 Shock to Trend Growth . . . .
4.2.3 Output-Gap Shock . . . .. ..
4.2.4  Monetary-Policy Shock . . . . .
4.3 Forecast-Error-Variance Decomposition
5 Summary and Outlook
A Tables
B Figures

C Forecast-Error-Variance Decomposition

10
11
11
12

14
14
17
17
18
19
20
20

21

25

27

36



List of Tables

2

Parameter estimates . . . . . . .. .. 25

Forecast-error-variance decomposition . . . . . . . . .. .. ... ... 26

List of Figures

0 1 O Ot = W N =

Thedata . . . . . . . . . . 28
Different measures of the output gap . . . . . .. ... ... ... .. 29
Actual vs. model-implied yields . . . . . .. ... ... ... ... .. 30
Actual and model-implied mean yield curve . . . .. ... ... ... 31
Impulse response to an inflation shock . . . . . . ... ... .. ... 32
Impulse response to a trend-growth-rate shock . . . . . .. .. .. .. 33
Impulse response to an output-gap shock . . . . . ... ... ... .. 34

Impulse response to a monetary-policy shock . . . . . . .. ... ... 35



An Affine Macro-Finance Term Structure Model
for the Euro Area!l

1 Introduction

Starting from the seminal contributions of Vasi¢ek (1977) and Cox, Ingersoll, and
Ross (1985), there is a large and growing literature that explores the dynamics of
the term structure of interest rates in an arbitrage-free framework. Within this
literature, the class of models in which bond yields are affine functions of a vector
of state variables has become particularly prominent.?

In the empirical finance literature, the state vector usually consists of (latent)
factors, which are interpreted as level, slope or curvature according to their impact
on different maturity ranges of the term structure. In these models, bond yields are
essentially explained by bond yields themselves.> From an economic perspective,
however, the macroeconomic factors that stand behind the dynamics of short and
long-term rates are of vital interest. In order to establish this nexus, a recent strand
of the literature combines the principle of arbitrage-free valuation with elements
from dynamic macro models. Most of these combined approaches are nested within
the class of affine multifactor models. In contrast to the finance literature, however,
some or all of the factors are no longer unspecified, but rather identified as macroe-
conomic variables such as inflation or real activity. These macro-finance models
make it possible to assess the impact of macroeconomic shocks on bond yields of
any maturity.

Term structure models in the macro-finance literature differ from each other pri-
marily with respect to the way the macroeconomy is modelled. For instance, in Ang
and Piazzesi (2003), Fendel (2004) or Ang, Dong, and Piazzesi (2005) a reduced-
form VAR represents macroeconomic dynamics. The VAR is linked to the term

structure by a Taylor-type monetary policy rule: movements in the short-term in-

! Author: Wolfgang Lemke, Deutsche Bundesbank, email: wolfgang.lemke@bundesbank.de.
This paper represents the author’s personal opinions and does not necessarily reflect the views
of the Deutsche Bundesbank or its staff. I thank Ralf Fendel, Heinz Herrmann, Michael Krause,
Thomas Werner, participants of the ZEW /Bundesbank Conference "Relation between Monetary
Policy and Financial Markets" in Mannheim 2006 — especially Gikas Hardouvelis, the discussant,
Hans Dewachter and Oreste Tristani — as well as seminar participants at the Bundesbank and the
University of Bielefeld for useful discussion.

2See Duffie and Kan (1996) and Dai and Singleton (2000).

3See, e.g., Babbs and Nowman (1998), Cassola and Luis (2003), Duan and Simonato (1999) or
de Jong (2000) for empirical applications that estimate the latent factor process from a panel of
observed bond yields.



terest rate are traced back to movements in inflation, a real activity component, and
some unobservable components. Dewachter and Lyrio (2006) and Dewachter, Lyrio,
and Maes (2006) augment their model with long-run macroeconomic attractors for
inflation, the output gap and the real interest rate. Other papers such as Bekaert,
Cho, and Moreno (2005), Hordahl, Tristani, and Vestin (2006), Hordahl and Tris-
tani (2007) or Rudebusch and Wu (2004), utilize a more structural macroeconomic
framework, some of them incorporating elements of equilibrium models with rational
expectations.

In this paper, the macroeconomic model underlying the term structure dynamics
follows the lines of Laubach and Williams (2003) and Mesonnier and Renne (2006).*
Its core elements are a ‘backward-looking’ Phillips curve and aggregate demand
(IS) equation. Monetary policy is represented by a Taylor-type rule that allows for
interest-rate smoothing and persistent policy shocks. The model also incorporates
a specification of the dynamics of potential output growth and the natural real rate
of interest. This allows to analyze the impact of shocks to these real driving forces,
which are not accounted for in most other papers of the macro-finance literature.

The model is estimated using quarterly macroeconomic data (short-term interest
rate, inflation, growth rate of gross domestic product) for the euro area for the period
from 1981 to 2006. The data set for the time before 1999 relates to a hypothetical
euro area. Bond yields enter the econometric model as of 1998 only. To my knowl-
edge, the only other paper that explores the joint dynamics of the macroeconomy
and the arbitrage-free term structure in the euro area is Hérdahl and Tristani (2007),
which uses monthly data for 1999 - 2006. Their model comprises both forward- and
backward-looking elements, features a time-varying inflation target (which I treat as
constant) but does not explicitly account for movements in the natural real interest
rate (which I do).

The fit of the model to observed yields and macro variables turns out to be
satisfactory, so it can be used for policy analysis. The high persistence of the
macroeconomic variables is mirrored in the impulse responses of bond yields to
macroeconomic shocks. This is particularly noticeable for a shock to the natural
real rate of interest which has a strong and long-lasting effect on all yields. For this
shock, it is long-term rates that react most strongly on impact. The other shocks
(inflation, output gap, monetary policy), in contrast, affect short-term rates more
strongly than long-term yields. However, since the initial response at the short end

of the yield curve may be quite dynamic, longer-term yields can react more strongly

4Note that these papers do not consider term structure implications.



than the one-year rate during the first few quarters after the shock.

A forecast-error variance decomposition of the model-implied yields shows that
the three main driving forces of bond yields are cost-push shocks, shocks to the
natural rate of interest, and monetary policy shocks. The cost-push shocks, i.e.
idiosyncratic shocks to the inflation rate, never explain more than 17 percent of the
variation of bond yields for any maturity and any forecast horizon. Thus, the bulk of
variation stems from the other two shocks, where in general monetary policy shocks
are dominant for shorter-term yields and shorter forecast horizons. Real shocks, in
contrast, matter for variations in long-term bond yields and increase in importance
as the forecast horizon increases. Concerning unconditional variances, monetary
policy shocks and shocks to the natural real rate together explain about 90 percent
of the variation for all yields. The contribution of cost-push shocks never exceeds 8
percent, and shocks to the output gap play an even smaller role.

The remainder of the paper is structured as follows. Section 2 outlines the set up
of the macro model and — based on that — derives arbitrage-free term structure dy-
namics. Section 3 describes the estimation approach as well as the data. Parameter
estimates, the fit of the model, impulse responses and the variance decomposition
are discussed in section 4, the last section concludes and gives an outlook on possible

extensions and refinements.

2 The Model

2.1 The Macroeconomic Module

This subsection introduces a small structural macroeconomic model, that explains
the joint dynamics of inflation, the output gap, the one-period nominal and real in-
terest rate, the natural real rate of interest, and potential output growth. The next
subsection will establish the connection between these macroeconomic variables and
the term structure of interest rates. The macroeconomic module is based on Meson-
nier and Renne (2006) (MR), who employ it for estimating the natural real rate of
interest in the euro area. Their specification can in turn be interpreted as a modifi-
cation of the models by Rudebusch and Svensson (1999) and Laubach and Williams
(2003). The MR model consists of a dynamic supply schedule (backward-looking
Phillips curve), a dynamic demand specification (backward-looking IS equation),
and a specification of the joint dynamics of potential output growth and the natural

real rate of interest. These are represented by the following equations, the time



frequency is quarterly:

i1 = Cp+oumy+ Qomey + a3m_o + Bz + €7, (1)
zZier = o2+ (L4 L)y(i — Topap — 7)) + €041 (2)
o= ¢+ 0 (3)
Ayf = ¢, +0,a;+ ¢ (4)
Q1 = Yaap + €4y (5)
Y= Yt (6)

The Phillips curve equation (1) relates current inflation 7 to its own lags and the
previous period’s output gap z. The latter is defined in (6) as the difference between
log actual output y and log potential output y*. Inflation can also be affected by
idiosyncratic, serially uncorrelated cost-push shocks ¢™. Unlike MR, it will not be
assumed that the a; in (1) sum to unity, but rather that their sum is smaller than
one. Thus, since the output gap z should be zero on average, I have to include the
constant ¢, to allow the unconditional expectation of inflation to differ from zero.

The IS equation (2) describes the dynamics of the output gap. Besides depending
on the last quarter’s output gap and idiosyncratic demand shocks €, it is linked to
(1 —7rt+1‘t—r;*) and its lag.’ The expression iy — 41 represents the model-consistent
(ex-ante) real interest rate, i.e. the difference between the nominal one-quarter
interest rate i, and the one-step-ahead expectation of inflation m 1y = Ey(miy1).
The variable 7} is the natural, neutral or equilibrium real interest rate (NRI). The
notion of a natural real interest rate goes back to Wicksell (1898) and has gained
revived prominence in the literature of New-Keynesian models.® In these models,
that are characterized by nominal rigidities, the NRI represents the real rate in the
hypothetical equilibrium with perfectly flexible prices. The NRI is a function of
real shocks and represents an important benchmark for monetary policy. Real rates
exceeding the NRI represent a contractionary monetary policy stance, whereas a real
interest rate below the NRI stands for an expansionary stance. This property carries
over to the — not explicitly microfounded — model considered here. When the real
rate is below (above) the NRI, the negative (positive) real-rate gap (i; — T4t — 77 )
stimulates (decreases) demand” and — ceteris paribus — increases (decreases) inflation

via the Phillips curve.

5L is the lag-operator. Thus, the real rate gap and its lag have the same impact, governed by
v, on the output gap. Relaxing this assumption does not lead to a significant change of results.

6See Woodford (2003). See, e.g., Amato (2005) for a discussion of the concept of the NRI.
"Note that the parameter v is typically negative.
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In a hypothetical world without additional demand and cost-push shocks, mon-
etary policy could steer nominal rates in a way that equalizes the actual real rate
to its natural counterpart and would thus permanently stabilize output-gap and in-
flation fluctuations. However, the presence of idiosyncratic shocks implies that the
task of monetary policy is not that trivial. Shocks to the NRI and idiosyncratic sup-
ply or demand shocks occur simultaneously, all exerting pressures on inflation and
the output gap, that may differ in size, direction and persistence, thereby creating
a trade-off for monetary policy.

In line with its definition, the NRI is assumed to share a common trend with
potential output. Moreover, consistent with a standard Ramsey-type growth model,
the steady state of the NRI should be a function of the steady state of potential-
output growth (as well as the intertemporal elasticity of substitution in consumption
and the time preference of households). This is reflected in equations (3) and (4).
The NRI 7} and potential output growth Ay; share a common persistent component
a¢, the dynamics of which is given by (5). In the following, a; will be referred to
as the trend growth rate. The additional transitory shock €? is specific to potential
output growth; NRI-specific shocks are also conceivable, but I will follow MR and
abstract from those: as a;, 7}, Ay; are all unobservable, with specification (3) - (4) it
is already hard to distinguish statistically between the persistent component a; and
the transitory €;. The problem would be aggravated by including an additional NRI-
shock.® Finally, the steady state values® of the NRI and potential output growth
are given by ¢, and ¢,, respectively.

Unlike MR who treat the short-term nominal interest rate as exogenous, I close

the model with a monetary policy rule of the following form:
i = Qi1 + (1 = ) (¢; + dxme + Py Ay) + 11 (7)

The form of this reaction function is fairly common in the literature. The current

policy rate is a convex combination of a target interest rate

Z: =c¢ + Cbﬂﬂ't + ¢9Ayt

8The main thing to note is that the current specification is sufficient to make sure that while
sharing the common trend a;, the NRI and potential output growth are not perfectly correlated
with each other. The variance of €Y determines the covariance of the two variables. Moreover, one
can show that there is an observationally equivalent specification that allows the NRI to have an
idiosyncratic component, while potential output growth features none.

9Here and in the following, the notion of a steady state refers to the situation in which all
shocks are zero. Since the considered model is linear, the steady state of a variable coincides with
its unconditional expectation.



and the previous period’s rate i;_1. The monetary policy shock v; captures influences
on the short rate that are independent of the systematic components ¢;_; and 7;.

The target interest rate i; is a linear function of contemporaneous inflation
and output growth Ay,. This particular measure of real activity is also used in the
monetary policy rules in Ang et al. (2005). However, in most specifications in the
literature some sort of output gap is employed instead. For taking a similar approach
in a model-consistent way, I would either have to assume that the policy maker in
fact observes z; or that he uses an estimate of it. For instance, if one supposes that
the central bank knows the true model (1) - (6), it could compute the conditional
expectation of z; based on observed current and past inflation, interest rates and
output growth. In order to keep the model simple, however, I abstract from those
considerations and will stick to the specification (7) which has the advantage that
the central bank reacts to observable variables only.

The monetary policy shock in (7) is allowed to be persistent as well,

v =P + €. (8)

This is motivated by the observation that the level of the short-term interest rate i,

t10, and the persistence inherited from inflation and real activity

is highly persisten
is not sufficient to fully capture that: regressing i; on m; and Ay; would generate
residuals with strong remaining serial correlation. However, it is a priori not clear
how to appropriately account for the high persistence. Setting ¢; in (7) equal to
zero, all persistence would have to be captured by %, in (8), implying that it is
monetary policy shocks themselves that are persistent. Constraining instead 4
to be white noise, persistence would have to be attributed fully to interest-rate
smoothing by the central bank. The question of how to ‘distribute’ persistence of
1; to interest-rate smoothing and policy shocks lies at the heart of the discussion
about ‘monetary policy gradualism’.!! I try to be as agnostic as possible about it
and let the data decide. It will turn out that both ¢, and ¢; can be estimated with
satisfying precision.

As it stands, (7) implicitly assumes a constant inflation and growth objective as

one may rewrite (7) as
iv = i1 + (1= )[Ci + Ox(m — 77) + dg(Agn — (Ay)")] + 14

where 7* and (Ay)* represent the inflation and output growth target. In principle,

it is preferable to have both objectives to be time-varying. However, with the term

0The first-order autocorrelation is about 0.97.
HSee, e.g., Rudebusch (2002), Gerlach-Kristen (2004) or Rudebusch (2005).
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structure application in view, this would require to formulate a complete law of
motion of these time-varying objectives. Under the no-arbitrage condition, any
long-term bond yield is a risk-adjusted expectation of the average of future short
rates. Thus, in order to compute this expectation consistent with the model, the
dynamics of the short rate have to be fully specified. Since these depend — via the
monetary policy rule — on the inflation and the growth target, one would have to
specify the dynamics of those as well. As in Hordahl et al. (2006) I have tried to
model the inflation target as a (near-)random walk, which, however did not lead
to satisfactory results.'? Hence, I will stick to the rule (7) - (8) that abstracts
from time-varying targets. That this might be a reasonable choice is confirmed by
the residuals of the estimated policy rule that show no signs of misspecification.
However, I cannot rule out that time variation in the inflation objective — that I do
not explicitly account for — is picked up by monetary policy shocks, which in turn
drives up their estimated persistence.

The model is completed by stipulating that the five shocks are contempora-
neously uncorrelated. Moreover, for pricing bonds and for estimating the model,
it will be assumed that they are all normally distributed. Hence for the vector
= (. e, 6. el ),

e~ N(0,Q), with Q = diag(o2, 02, 02, 02, 02), (9)

Y

where the o; denote the standard deviations of the respective shocks, and diag x
denotes a square matrix with the vector x building the main diagonal and zeros
elsewhere.

The structure of the system (1) - (8) allows for a convenient Markovian represen-
tation of the model, that will be useful when employing it below for pricing bonds.

Define the 12 x 1-vector X, as

. . ,
X = (7Tt77Tt—1777t—277Tt—37gt7@t72t—17amat—lyztazt—l,Vt)

where here and in the following ¢g; = Ay, for notational convenience. Then one can
write (1) - (8) as
KoXi = co + K1 Xi—1 + Roey,

where Ky and ICq are 12 x 12, cis 12 x 1, and R is 12 x 5. The matrix Ky is

not diagonal, since the monetary policy rule implies contemporaneous relationships

12Maybe this could be attributed to the particular dynamics of inflation within the relatively
short period since 1981, with a distinct downward trend at the beginning and a rather ’flat’
evolution since about 1999, see figure 1.



between the elements of X;. However, the equation can be multiplied through by

the inverse of Iy to obtain
Xt =c+ ICXt_l + REt, (10)

with K = Ky ' Ky, ¢ = Ky'cp and R = K5' Ry.

2.2 Pricing Long-Term Bonds

Taking the structural macroeconomic model, compactly represented by the SVAR(1)
(10), as a basis, I will now derive arbitrage-free prices of nominal n-period bonds.
Let P[" denote the time ¢ price of a pure discount bond paying one unit of account at
time t + n with certainty. Then the family of bond price processes is arbitrage-free
if and only if there exists a sequence of strictly positive random variables {M;} such
that

P/ = By(My PIT), (11)

for all t and n.'> The random variable M, is called the stochastic discount factor

(SDF) or pricing kernel. Bond prices are related to yields y;* via
n 1 n
Yy = —ﬁlnPt : (12)

The joint macro-finance model will belong to the affine class of term structure
models.'* Discrete-time models from this family are characterized by four compo-
nents: first, the short-term interest rate is an affine function of factors; second, the
evolution of the factor vector is a linear autoregressive process; third, market prices
of risk are affine functions of the factors; and fourth, there is a pricing kernel which
is an exponentially-affine function of the short rate and ‘priced’ factor innovations.

Here, the factor vector is given by X; and the short rate is a particularly simple
transformation, namely

it - (5,Xt, (13)

where 0 is a 12 x 1-vector with a one on the sixth position, that picks i; from Xj,
and zeros elsewhere. The factor process is given by (10) which is rewritten here

slightly using a normalization of shock variances

Xt =c+ ]CXt,1 + Z'Ut, Vg ~ N(O, [5) (14)

13See Irle (1998) for a more rigorous statement and a proof of the equivalence.

14Cf. Duffie and Kan (1996) and Dai and Singleton (2000). See Backus, Foresi, and Telmer
(1998) for an introduction to the discrete-time version.



i.e. ¥ = RQ"°, and I5 denotes the 5 x 5-identity matrix.

The market price of risk vector )\; is also an affine function of X,
At = o+ M X, (15)

where )\ and \; are a vector and a matrix of appropriate dimensions.
Finally, the pricing kernel is an exponential-affine function of the vector of factors

and its innovations,
Mt+1 = eXp (_05)\;)% — it — )\Qvt+1) . (16)

Solving (11) given the specified dynamics of the pricing kernel, leads to a solution
function mapping the factor vector into bond prices,
ptn = exXp (An + B;Xt) ) (17>

where A, and B, satisfy the difference equations®®

_ . 1. .
A = A, — Bl (c—X)\) + §B;EZ’Bn (18)

Bl = BiK—3\)-0, (19)
with initial condition 1210 =0 and Bg = O19x1-

The exponential-affine form for bond prices in (17) implies that continuously

compounded yields are affine functions of the state vector X,
yi = An + By X, (20)

with A, = —fln /n and B, = —Bn /n. Note that this implies for the one-period
interest rate y;
y, = 6'X; =i (21)

as expected.

3 Data and Estimation Approach

3.1 Macroeconomic and Bond Yield Data

Since the beginning of stage three of European Monetary Union (EMU) in 1999,
30 quarters have elapsed until 2006QQ2. Hence, estimating models for the euro area

with quarterly data still requires compromises of some sort. One may either stick

15See, e.g., Ang and Piazzesi (2003).



to a relatively short sample period by not taking too many data points before 1999
into account, or one has to rely on artificial euro area data. The approach chosen
here will be a mixture of these two possibilities.

As macroeconomic data, I will employ inflation, output growth and the short-
term interest rate. An empirical proxy for the output gap will not be used, instead
2z is kept as a latent variable in the model. The data are quarterly, cover the period
1981Q2 - 2006Q2 and come from the database of the Area Wide Model (AWM).16
These are artificial euro area data that have by now been utilized in several empirical
studies. The data set is updated until 2006QQ2 by Bundesbank staff. Inflation, m, is
hundred times the annualized quarter-to-quarter change of the seasonally adjusted
log HICP, output growth Ay, is hundred times the quarter-to-quarter change (not
annualized) of seasonally adjusted log real GDP. The interest rate i; is a monthly
average of the three-month money market rate.

For bond yields, one could likewise use artificial rates for the time before 1999.
In fact, the Statistical Data Warehouse of the ECB provides such data for the euro
area. However, using those would not really be consistent with the model set up.
The artificial yields are weighted averages of the euro area member country yields,
thus, the postulated no-arbitrage relation is unlikely to hold between those yields.
Consequently, yield data will only be employed as of 1998. From 1999 on, these
are zero-coupon swap rates from Bloomberg with maturities of one, two, three, five,
seven, and ten years. For the year 1998 for which these data had not been available,
I use the corresponding yields for Germany. All data are shown in figure 1. The
different sample periods for macro- and yield-data can be adequately accounted for

within the state space framework as explained in the following.

3.2 Estimation Approach

In total, there are 26 free parameters to be quantified. Given the relatively short
period of time, and the fact that bond yields enter as of 1998Q1 only, it is not feasible
to estimate all parameters simultaneously. Hence, I will make use of a three-step
approach that starts with a calibration of two intercepts and two parameter ratios.
Second, I will estimate the parameters of the macro module, and finally — given the
latter and the calibrated parameters — estimate the parameters corresponding to the

term structure module.

16See Fagan, Henry, and Mestre (2001).
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3.2.1 Step 0: Calibration

First, I set ¢, = 0.49 and ¢, = 2.71, which corresponds to an (annualized) potential
output growth of 1.96%, and a long-run natural real interest rate of 2.71%, respec-
tively. These values have been obtained by estimating the macro-module with the
interest rate specification switched off, they are also similar in magnitude to those
obtained by Mesonnier and Renne (2006) for the sample until 2002Q4.'" The re-
maining constants ¢, and ¢; cannot be chosen independently. Having calibrated c,
and c¢,, I include the Phillips-curve constant ¢, in the set of parameters to esti-
mated. Assuming that the output gap is zero on average, F(z;) = 0, equations (1)
- (6) fully determine the unconditional expectations of m;, Ay, and i; as functions
of the parameters. Hence, by taking unconditional expectations of (7), the constant
c; results as a function of these steady-state values. Second, the variance of o2 is
normalized to unity in order to achieve identification. Finally, the calibration of
Mesonnier and Renne (2006) is used who fix the variance ratio o,/0, = 0.5 and the
ratio 6, /6, = 16.18

For the next steps I collect the remaining parameters in two vectors,

wmac — (Cwa Qq, g, (3, 57 Or, 1/1;;; Y, Oz, wav Hya (biv (bﬂ'a ¢gv Ov, 1/}1/)7

containing the parameters of the macro module and

Q/Jts - (>\071, ceey )\0757 h),

consisting of the market-price-of-risk parameters and a measurement-error variance
that will be defined below.

Concerning the market-price-of-risk parameters, it is usually assumed that A; in
(15) is different from zero, i.e. some of the market prices — the components of X,
— are in fact time-varying. However, since the time series of yields included in the
estimation process is relatively short, it turned out that time-varying market prices
of risk cannot be estimated with satisfactory precision. Thus, as Fendel (2004) and
Cassola and Luis (2003), who use a much longer sample in their studies for Germany,

I treat market prices of risk as constant.

3.2.2 Step 1: Estimating v,

For estimating the macroeconomic parameters, ,,q., 1 construct the likelihood for

the observed time series of inflation, output growth and the short-term interest

"They obtain ¢, = 0.52 and ¢, = 3.1.

18See their paper for justifications of these values and robustness analyses.
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rate. To this end, I construct the state space model capturing the dynamics of these
variables.!® The state vector is X}, the transition equation is (10). The measurement

vector is

Y;mac — (ﬂ_t’gt’ ?:t>l7

hence the measurement equation for t = 1,..., T, where T' =2006Q2, is given by
Y;mac = ZmacXt> (22)

where Z,,.. is a 3 X 12 matrix that selects 7, g; and 7, from the state vector X;.
Note that the measurement equation contains no error term. The Kalman filter is

used to construct the likelihood

‘Cmac(wmac) - p(}/lmac’ cee 7Y’_Imac; wmac)

which is then maximized to obtain ﬁmac. The results are shown in table 1. Standard

errors are based on the inverse Hessian of the likelihood.

3.2.3 Step 2: Estimating v,

In this step, I take f&mac as given and estimate ;. This estimation utilizes ob-
servations of bond yields y,” with maturities (ny,ns,...,ng) = (4,8, 12,20, 28, 40),
measured in quarters for the period ¢t =T*+1,..., T, (T* = 1997Q4). Bond yields

are related to the state vector via (20). Stacking these relations, one obtains

v An, By,
: = : + : Xi. (23)

yie Ang By,
The right-hand side contains the model solution, i.e. arbitrage-free yields. However,
since the macroeconomic factors will not be able to price bonds of all maturities

perfectly, a vector of measurement errors is added to the latter relation. Written in

compact notation,
Y = dis + 21X, + &, (24)

i.e. dis contains the A, and Z;, takes the B,,. For the distribution of the vector &

of measurement errors I choose the simple specification

& ~ N(0, h*I5). (25)

19See Hamilton (1994) for state space models and the Kalman filter in general, and Lemke
(2006) for estimating term structure models in a state space framework. Estimation and numerical
computations have been conducted using GAUSS employing also its TSM and MAXLIK package.
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This is not an innocuous assumption since it implies that the difference between the-
oretical and observed yields has the same variance for all maturities. Alternatively,
one may specify a different error variance for each maturity, which, however, would
come at the cost of additional free parameters that would have to be estimated.
Thus, for t =T* 4+ 1,...,T the joint dynamics of macroeconomic variables and

bond yields are described by the combined measurement equation

()= (2 ) (2)
Y;‘ts dts Zts ft

The measurement equations (22) and (26) together with the transition equation
(10) define a state space model in which the measurement vector changes its di-
mension: up to T* it comprises only macro variables (dimension 3), from then on
it contains both macro variables and bond yields (dimension 9). However, for this
system, it is still straightforward to apply the Kalman filter and obtain the joint
likelihood

L"(wmam ¢ts> = p(}/imaca s 7y711ac’ YT*+17 v YT; 2/}maca ¢ts) (27)

where Y; = (Y™ Y;’*). The estimate of 1/, is obtained as

&ts = argwmax E(&maca bets) (28)

where 1[/"‘“3 is the estimate obtained from step 1.
One may wonder why the observations before 7% + 1 (no bond yields in that
period) are needed for estimating the term structure parameters 1. This becomes

clear if one considers the following factorization of the joint density:

p(Ylmac7 cee 7Y17“T:ac7 YT*—i—la v YT’ 77Z)macu 77th)
= p(}/lmac’ e 7Y7?}ac; ’l/}mac) : p(YT*Jrh e JYTD/lmacu o e 7YIT‘C‘LULC; wmacu wts)

The first factor does in fact not depend on ;, and will not affect the estimate of
Ys. The second factor depending on 1, however, is a conditional density which
can only be computed correctly if the conditioning information, i.e. the evolution
of Y™ before T™ is properly taken into account.

The results of the second step are estimates of market prices of risk, Ag1 ..., Ao,
and the standard deviation h of the measurement error £ in (24). Estimating all
five elements in \g yielded insignificant estimates, a result that is common in the

literature.?® Thus, T only estimate the parameters corresponding to inflation (€7),

20Ang and Piazzesi (2003) and Hordahl et al. (2006), for instance, use a heuristic iterative
procedure to restrict some market-price-of-risk parameters to zero based on t-statistics.
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trend-growth (¢*), and monetary-policy (¢”) shocks, since these turn out to be the
most relevant sources of variation in yields, as the variance decomposition in the

next section will show.

4 Results

4.1 Estimation Results

The parameter estimates of the two-step estimation procedure are given in table 1.
First of all, all of the estimates appear reasonable with respect to sign and size. For
those parameters that have also been estimated by Mesonnier and Renne (2006),
the results can be compared. However, one has to be aware of three differences
between their estimation and the one conducted here: first, they assume that the «;
coefficients of lagged inflation in the Phillips curve (1) sum to one, while I estimate
them without that restriction and add a constant to that equation. Second, they
treat the short-term interest rate as exogenous, while here it is endogenized. Third,
their sample is from 1979Q1 - 2002Q4, while the one considered here dates from
1981Q2 - 2006Q)2.

The lag parameters of inflation sum to 0.7, thus the decision to relax the unit root

21 The autoregressive parameters of trend growth

assumption appears reasonable.
a; and the output gap z; are higher than in the study by MR. The estimates of
the key transmission parameters  (impact of the output gap in the Phillips curve)
and v (impact of the real interest rate gap in the IS equation)?? are very similar to
those of Mesonnier and Renne in terms of size and estimation precision. This differs
from the results by Hordahl et al. (2006) who find the respective parameters in their
model to be insignificantly different from zero. However, they use monthly instead
of quarterly data and the model mixes backward- and forward-looking elements,
which prevents a direct comparison of the results.

The reaction parameter on inflation in the monetary policy rule is slightly exceed-
ing unity and significant. The parameter governing the reaction to output growth is
slightly greater than 2 (i.e. corresponding to about 0.5 for annualized productivity
growth) but is estimated fairly imprecisely. There is a distinct degree of interest
rate smoothing indicated by an estimated ¢; of 0.93. It is also possible to estimate
the persistence of monetary policy shocks quite precisely, finding the autoregressive

parameter 1, to be about 0.33. As a plausibility check we estimated the policy

21 Also, all tests reject a unit root in inflation for the estimation period.

22The v here corresponds to A in M+R.
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rule also as a single equation by nonlinear least squares, specifying the error to be
an AR(1). This yielded very similar results, in terms of size and precision of the
estimated parameters. Point estimates of ¢, and ¢, are 1.39 and 2.20, respectively,
i.e. slightly higher than the system estimates. The autoregressive parameters 1,
and ¢; are estimated as 0.93 and 0.33, respectively.

For a further heuristic check of the plausibility of the estimates, figure 2 shows the
Kalman-smoothed estimate of z;, the model-implied output gap, together with an
output gap measure resulting from HP-filtering and that provided by the OECD. As
already mentioned, no proxy for the output gap has been used within the estimation
process. Against this background, the estimated z; process tracks the dynamics
of the two empirical measures quite well. However, there are distinct differences
in levels during certain episodes; but the OECD gap and the HP-implied gap —
both widely used in empirical studies — also differ from each other significantly
from time to time. While the solid bold line ("Macro model’) is based on Kalman
smoothing that only uses the state space model with the macroeconomic variables
in the measurement equation, the dashed bold line ("Macro TS model’) additionally
uses term structure information from 1998 on. Compared to the pure-macro case,
it implies a slightly higher gap most of the time. However, the dynamics of the
estimated gap do hardly change. While one may have expected a priori that the
latent factor z; may change in a peculiar fashion in order to fit long-term bond
yields, the results show that its estimated evolution is not very much affected by the
inclusion of long-term interest rates in the measurement vector.

As to the term structure parameters, two of the three market-price-of-risk pa-
rameters that are estimated are significant. These parameters govern the size and
maturity structure of risk premia. For the small sample since 1998, yield risk pre-
mia turn out to be very small and even slightly negative at the short end of the
maturity spectrum. For instance, for maturities of one, five and ten years, I obtain
yield risk premia?, of -8, -7, and 7 basis points respectively.?* Risk premia of such
a small magnitude raise the question whether bonds should be rather priced under
the assumption of market prices of risk being equal to zero, i.e. Ay =0 A\g = 0 in

(15). Using this specification, however, would markedly deteriorate the fit of bond

23These approximately correspond to the difference between actual bond yields and their hypo-
thetical counterparts that would prevail under the pure expectations hypothesis. See the appendix
in Hordahl et al. (2006) that shows how to compute forward premia and yield risk premia in affine
models.

24Experimenting with time-varying market prices of risk showed that the ten-year premium
fluctuates between -8 and 20 basis points.
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yields. Thus, for the following analyses, \g is set as provided by the ML estimates
in table 1.

The standard deviation of the measurement error for bond yields is precisely
estimated and amounts to about 29 basis points. This is comparable to the results
of Hordahl et al. (2006), who allow for maturity-dependent measurement errors that
exhibit standard deviations of between 23 and 28 basis points. As an additional
measure of fit, figure 3 plots the actual yields versus model-implied yields gjﬁT for
selected maturities, where

i = A+ B Xyr. (29)

That is, A,, and B,, in (20) are replaced by their estimates (which are in turn based
on the ML estimates of structural parameters) and XﬂT is the Kalman-smoothed
estimated of the state vector.?® It is worthwhile emphasizing that unlike e.g. Fendel
(2004) or Ang and Piazzesi (2003), the specification in this paper does not use
additional latent term structure factors’. Rather, bond prices are functions only of
those variables that play a well-defined role within the macroeconomic model. Figure
3 shows that the dynamics of the yields are traced quite well by the macroeconomic
factors. However, the result for the maturity of one year, in particular, suggests
that an additional term structure factor or a change in the specification of the
macro-module may be required to improve the model’s fit.2® The results of Fendel
(2004) employing such a latent factor, however, show that there are also episodes
of persistent deviations of model-implied yield from observed ones. Unfortunately,
Hordahl et al. (2006), Ang and Piazzesi (2003) and most other macro-finance papers
on the term structure do not show comparable graphs.

Figure 4 shows the mean yield curve implied by the model (line) and the average
of the corresponding yields from the data (circles). The model-implied mean yield
curve is the average of the yields as computed in (29). The figure reveals that

average yields are fitted well along the whole maturity spectrum.?”

25The smoothing sets those elements of the state vector which are observable — i.e. inflation,
output growth, the interest rate and their lags — automatically equal to their observed values.

26This is also reflected in one-step-ahead forecast errors which show some remaining autocorre-
lation.

2"Note that one advantage of the arbitrage-free approach to term structure modeling is the
possibility to compute yields for any maturity, and not only for those maturities that have been
included in the estimation process.
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4.2 Impulse Response Analysis

The estimated macro-term-structure model can be used for various policy experi-
ments. In the following I will show impulse responses of key macroeconomic variables
and selected bond yields to the shocks of the model. As in Hordahl et al. (2006),
the shocks have a direct structural interpretation. Before considering the results, it
is useful to know that the estimated structural parameters constitute a K matrix in
(10) that contains only stable roots, but some of them come in complex conjugate
pairs. This implies the familiar result in the dynamic macroeconomics literature
that some of the impulse responses will not take a direct way back to zero but will
rather cross the zero line once before dying out.

I will consider responses to an inflation shock €, a shock to the persistent com-
ponent of potential output growth €%, an output gap shock €*, and a monetary policy
shock €.28 Shocks via € will not be considered, since this idiosyncratic component
of potential output growth does not have a very useful interpretation: as discussed
above, it mainly serves to govern the strength of the comovement of the natural rate
of interest (NRI) and potential output growth.

The size of all shocks will be one percentage point, which helps to facilitate the
visual inspection of the different responses to a specific shock. However, for each
figure I supply the estimated standard deviation of the respective shock which is
meant to give a hint on the ‘typical’ magnitude of that shock. The exception is €*
which is set to 3.472 rather than to unity, which corresponds to a shock to annualized
potential output growth of one half percentage point.?? Moreover, a shock of €¢ that
affects a; in (5) will be synonymously referred to either as a ‘shock to the persistent
component of potential output growth’ (or trend growth for short), see (4), or as a
‘shock to the natural real rate of interest (NRI)’, see (3).

4.2.1 Cost-Push Shock

Starting with a shock to inflation, figure 5, this has the initial effect of raising current
inflation 7 but also expected inflation 7|y for the next period. Abstracting for a
moment from changes in the policy rate i, this decreases the real interest rate in
(2). Since the NRI r* is not affected by the shock, this leads to a negative real

rate gap and — as v is negative — to an increase of the output gap in the next

28Strictly speaking, one would have to distinguish in terminology between the monetary policy
shock 1 in (7) and the shock €” to that shock in (8).

29See equations (5) and (4) above and note that 6, is estimated as 0.036. Then 3.472 - 0.036 - 4
= 0.5.
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period. As potential output growth is unaffected, actual output growth changes
one-to-one with changes in the output gap.®’. Thus, monetary policy will increase i
as a response to both higher inflation and output growth. However, the interest rate
response is subdued due to the strong interest rate smoothing. For the following
periods, inflation will remain elevated due to its own persistence and due to positive
impulses from the output gap which are themselves persistent. The latter feedback
mechanism is also the reason for the lively responses of inflation in the first five
quarters.

For interpreting the responses of long-term interest rates, it is simplest to think
in terms of the expectations hypothesis. This is a particularly good approximation in
the case considered here as risk premia are time-invariant and small. In general, the
response to the inflation shock is smaller, the longer the time to maturity. However,
since the one-year rate mirrors the hump-shaped response of the short rate while the
longer-term rates do not, the one-year yield does not react the strongest on impact.
Corresponding to the muted response of the short rate, the responses of long-term
yields are also relatively small, the maximum of about 15 basis points is exhibited
by the one-year rate after six quarters. It is important to note that in this and
the following scenarios, a response that increases short rates more than long rates
does not necessarily imply an inverted yield curve in the respective period after
the shock. Rather, the yield spreads implied by the impulse responses have to be
interpreted as deviations from the average yield curve, which is — as figure 4 shows

— upward-sloping.

4.2.2 Shock to Trend Growth

The shock to trend growth, figure 6, has a very persistent effect on the economy as
1, in (5) is estimated as 0.97. First of all, the shock increases actual output growth
on impact by as much as potential output growth. Due to the lag structure of the
model, the output gap does not react immediately. Moreover, the shock increases
the NRI r; and thus generates a negative real-interest-rate gap in the IS equation.
This in turn raises the output gap in the next period, which then feeds through to
inflation, providing in turn an additional stimulus to the output gap via inflation
expectations. Due to both channels that have an impact on the real-rate gap — an
elevated NRI that goes back to steady state very slowly and an increase in inflation
expectations — there is a strong pressure driving the output gap upwards, which in

turn fuels inflation further. In order to counterbalance this process, monetary policy

30From (6), Az = Ay, — Ay;.
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has to raise interest rates strongly. However, it is constrained by the high smoothing
parameter in the policy rule. Thus, interest rates rise quite slowly but for a fairly
prolonged time.

As the reaction coefficient ¢, is not estimated precisely, it may be asked in how
far the latter result depends on the specification of monetary policy. Experimenting
with a stronger monetary policy reaction function (results not shown), i.e. ceteris
paribus increasing the reaction parameters ¢, or ¢4, or decreasing the smoothing
coefficient ¢; in (7), leads to a weaker reaction of the output gap and inflation,
which is due to a stronger narrowing of the real interest rate gap. Hence, the model
mechanics do still imply that a persistent increase in potential output growth causes
a boom, but this would be the less distinct, the stronger monetary policy reacts.

The considered shock on a; in (5) will raise both potential output growth Ay;
and the natural rate of interest r;. The observed behavior of he impulse response
functions mainly stems from the effect on the natural real rate of interest and the
described widening of the real rate gap. In fact, a shock to the component €/ that
provides a one-time impulse on potential output growth but not on the natural
rate of interest would lead to a small and negative effect on the output gap and
inflation.3!

The slow but very persistent increase in the short rate is reflected in the reaction
of longer-term yields. The lifetime of the one-year bond in period 0 only covers
periods within which the short rate will not have been increased by much yet. For
longer maturities, however, the expected high short rates in the future are incorpo-
rated in the bond yield. This implies that the initial effect of the shock increases
with time to maturity. As time goes by, the yield spread becomes smaller, and the
transition back to steady state will eventually be characterized by a yield spread

response which is negative.

4.2.3 Output-Gap Shock

As a response to an output gap shock, figure 7, actual output growth also increases,
inducing the central bank to raise the short rate by (1—¢;)-¢,. Due to the relatively
high 1, in the IS equation (2), the output gap is quite persistent and goes back to
zero quite slowly. Simultaneously, an elevated output gap has its usual impact on

inflation which gives again rise to an additional stimulus to the output gap via the

31 As already noted, I do not explore effects of €/ more deeply as these shocks turn out to be of
minor importance, quantitatively. In a variance decomposition of bond yields, variation stemming
from €/ contributes less than 0.1 percent. See footnote 8 for a discussion of the role of €/ in the
model.
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real interest rate. In order to reduce inflation, the monetary authority increases the
policy rate. However, following the prescribed rule (7), there is a counterbalancing
effect resulting from actual output growth being slightly negative as the output gap
goes back down to steady state.

The response of interest rates is similar to the inflation-shock case. Again, the
relative magnitude of the response is quite small. The ’S-shaped’ movement in the
one-year rate reflects the slight ’S-shaped’ response of the short rate (which is just

less clearly visible due to the different scaling).

4.2.4 Monetary-Policy Shock

Finally, consider the effects of a contractionary monetary policy shock in figure
8. The output gap decreases via the real-rate channel, inflation only reacts in the
second period after the shock due to its reaction to the negative output gap. The
fact that the interest rate increases further for two periods after the shock can be
explained as follows. First, inflation has not yet reacted and does not call for an
interest rate reduction. The output gap has decreased implying a decrease in actual
output growth, in turn requiring a decrease in the interest rate. However, this effect
on the interest rate is very small. The important impact on the short rate comes
via the smoothing channel combined with the persistence of the policy shock itself:
the value of slightly more than 1.2 percentage points observed for the first period
after the shock is the sum of ¢; and v, showing up in (7) and (8), respectively.
Long-term rates are monotonically decreasing, the impact of the shock is bigger
for short-term than for long-term yields. For the first three quarters after the shock,
the one-year yield exhibits an increase of more than one percentage point. Again,
this is a direct consequence of the described temporary upward move of the short

rate.

4.3 Forecast-Error-Variance Decomposition

In order to explore the main driving forces of yields of different maturities I conduct

32 Table 2 shows results for yields of 1,

33

a forecast-error-variance decomposition.
3, 7 and 10 years to maturity and for different forecast horizons.”?. Overall, it is

monetary policy shocks, €/, and shocks to the natural real rate of interest, €}, that

32Gee appendix C for computational details.

33 Just like impulse response functions, the forecast-error-variance decomposition is a function of
the structural parameters of the model and can be computed for any time to maturity of interest,
not only for those yields that have been utilized for estimation
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account for the bulk of variation in bond yields of all maturities over any horizon.

Regarding unconditional variances, these two shocks together explain at least
90 percent of the variation for all yields considered. For a maturity of one-year,
monetary policy contributes slightly more to the overall variation, whereas for in-
creasing time to maturity, the proportion explained by the real shock monotonically
increases, reaching around 86 percent for the ten-year bond. The contribution of
cost-push shocks, €], attains its maximum (8.4%) for a time to maturity of 10 quar-
ters® and then decreases in importance for longer-term bonds. The contribution of
idiosyncratic shocks to the dynamic IS equation, €7, is small as it never exceeds 2
percent.

Comparing the contributions across different forecast horizons (i.e reading the
table from left to right), it turns out that for all yields monetary policy shocks
— contributing a maximum of 93.2 percent for the one-year yield at the one-year
horizon — decrease in importance with increasing horizon. In contrast, shocks to
trend growth become more important the longer the forecast horizon. The horizons
at which output-gap and inflation shock provide their highest contribution changes
with time to maturity. For instance, for the one-year rate, inflation contributes
most for the five-year horizon while for the seven- or ten-year yield, inflation is most
important for one-quarter forecast errors.

Considering the results across yields (i.e. reading the table from top to bottom),
the proportion explained by monetary policy shocks decreases with time to matu-
rity, while trend-growth shocks become more relevant. This holds for all horizons.
Inflation always provides its highest contribution somewhere in the middle of the

maturity spectrum.

5 Summary and Outlook

In this paper, a structural model has been presented that intends to capture the joint
dynamics of key macroeconomic variables and the term structure of interest rates
for the euro area. The macroeconomic module has been estimated using quarterly
data from 1981 - 2006. Parameter estimates of the term structure module (market
prices of risk and variance of the measurement error) have been based on bond yield
observations from 1998 - 2006. Parameter estimates are reasonable and comparable
to those obtained for similar models of the literature. The estimated dynamics of

inflation, the output gap and trend growth exhibit considerable persistence. The

34Gix basis points higher than for the 3-year yield shown in the table.
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Taylor-type monetary policy rule is characterized by strong interest rate smoothing
and monetary policy shocks which are also serially correlated.

Contrary to the majority of the literature, I have not used additional abstract
latent factors for improving the model’s explanatory power. However, the macroe-
conomic state variables alone turn out to provide an adequate fit of bond yields for
the period 1998 - 2006. Yield risk premia are estimated to be quite small (below
10 basis points). This result may be partly owed to the fact that I have assumed
constant market prices of risk and also due to the fact that the average yield curve
over the estimation period has been relatively flat. However, experimenting with
time-varying risk parameters showed similar term premia on average.

The estimated model is well suited for policy analyses as it can trace out the
effects of nominal and real macroeconomic shocks on both macroeconomic variables
and the whole maturity spectrum of bond yields. The impulse responses of macroe-
conomic variables are reasonable. The persistence of macroeconomic dynamics is
mirrored in the reaction of bond yields to the macroeconomic impulses. Shocks to
inflation, the output gap and the short rate affect short-term rates more than long-
term yields. However, this ordering can be different in the first few periods after
the shock. The response to a shock to the natural real rate of interest is different
in nature. For the first three years after the shock, the response is the stronger the
longer the time to maturity. Thereafter, the ‘term structure of impulse responses’
eventually becomes inverted before the impact of the shock dies out.

Across the whole maturity spectrum, around 90 percent of variation in yields is
explained jointly by monetary policy shocks and shocks to the natural real rate of
interest. Regarding the relative contributions of these two shocks, the longer the time
to maturity the more is explained by variations in the natural real rate (equivalently
by variations in the persistent component of potential output growth). Idiosyncratic
inflation shocks explain at most 8 percent, while shocks to the output gap play an
even less important role. However, it is important to keep in mind that these results
refer to the theoretical forecast-error-variance decomposition implied by the model.
If additional latent factors were introduced to increase the empirical fit, they would
presumably account for some of the variation of yields that is now captured by the
interpretable macroeconomic factors. Moreover, even with respect to the latter,
some care has to be taken when interpreting the results: it cannot be fully ruled out
that the interpretable — via their roles in the structural model — but nevertheless
empirically unobservable variables ‘monetary policy shock’ and ‘natural real rate of

interest’ capture some residual variation. This disclaimer, however, would apply to
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all macro-finance model from the literature that work with a comparable set up.

There is a number of possible modifications and extensions to the presented
approach. First, experiments with estimating jointly the monetary policy rule and
term structure parameters® show that this implies a better fit of the yield dynamics,
a much larger reaction coefficient on output growth in the monetary policy rule and
a somewhat higher degree of persistence of the policy shock. However, this comes
at the cost of a deteriorating fit of the macro variables.

Second, it would be interesting to examine different specifications of the mone-
tary policy rule. That might include rules that are forward-looking and rules that
react to estimates of the output gap or the natural real rate of interest. Moreover,
a time-varying inflation objective may be incorporated. Finally, given a standard
objective function of monetary policy, the optimal interest rate rule within a cer-
tain class of reaction functions may be derived. All these variations may potentially
lead to a better fit of the term structure and would also yield important insights
about how the reactions of long-term bond rates depend on different characteristics
of monetary policy behavior.

Third, in this paper I decided to explore the impact of macro variables on the
yield curve without relying on additional latent state variables. However, in order
to improve the fit of the yield dynamics and in particular for using the model for
forecasting purposes, the model may be augmented by one or two abstract latent
factors. As already mentioned, this would also allow to conduct variance decom-
positions as in Ang and Piazzesi (2003) quantifying which fraction of yields can be
attributed to interpretable macroeconomic shocks and which is left for other sources
left unexplained.

Fourth, just like the majority of the macro-finance models in the literature, the
model presented here prescribes the unidirectional link from macroeconomic driving
forces to the yield curve. However, it is conceivable that there exists a feedback in
the other direction, motivated for example by the presence of long-term interest rate
in the IS curve.?® But this would probably imply a serious complication when it
comes to solving for arbitrage-free yields: as usual, the mapping from state variables
to yields will depend on the state dynamics; in models with feedback, however, state
dynamics itself will be affected by arbitrage-free yields. This will require a different

solution method, a problem which will be picked up in another paper.

35That is, in the second stage of the estimation procedure, all other macro-parameters are fixed
but the parameters in (7) are estimated jointly with the market prices of risk and the measurement
error variance.

36See, e.g., Goodfriend (1998) and Svensson (1997).
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Fifth, and finally, it is likely that the euro-area yield curve is to some extent
affected not only by euro-area macroeconomic factors but also by US fundamentals.
For capturing such impacts in a no-arbitrage framework, one would have to specify
two pricing kernels for the two countries, potentially allowing them to share common
factors, as done in Backus, Foresi, and Telmer (2001) and Dewachter and Maes
(2001). That approach would identify common as well as country-specific driving
forces for the two term structures, and it would also imply a description of the

dynamics of the exchange rate.

24



Appendix

A Tables
Table 1: Parameter estimates
Cr oy g as B Or Y.
0.627 0.309 0.119 0.269 0.177 1.037 0.872
(0.27) (0.10) (0.10) (0.09) (0.09) (0.07) (0.06)
v . Ya ay Cy 0y Cr
-0.070 0.349 0.967 0.175 0.490 0.036 2.710
(0.03) (0.03) (0.03) . . (0.016) )
07“ Ci (bz ¢7T ¢g Oy wu
0.580 1.670 0.931 1.020 2.036 0.455 0.333
. . (0.02) (0.36) (1.75) (0.03) (0.10)
>\0,7r /\O,a /\O,z )\O,y /\O,l/ h
-0.836 0.213 0.236  0.288
(0.36) (0.17) (0.08) (0.02)

ML-estimates of parameters of the macroeconomic module (first three rows
of parameters) based on sample 1981Q2 - 2006Q)2, term structure parameters
based on sample 1998Q1 - 2006Q2 (fourth row). Asymptotic standard errors
in parentheses, based on inverse Hessian. Parameters without standard errors
are calibrated or functions of other estimated parameters, see main text for

details.
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Table 2: Forecast-error-variance decomposition

Horizon (quarters) 4 10 20 30 40 oo
1-year yield

Inflation 54 93 119 108 92 79
Trend growth 0.7 3.1 128 252 339 425
Output gap 06 10 1.7 20 18 16

Monetary policy 93.2 86.5 734 62.0 55.0 48.0
3-year yield

Inflation 11.1 148 149 11.8 9.7 83
Trend growth 4.2 11.1 289 43.1 504 56.8
Output gap 1.2 19 27 26 22 1.9

Monetary policy 83.4 721 534 425 376 33.0
7T-year yield

Inflation 16.5 16.1 11.0 7.6 6.3 5.5
Trend growth 32.6 50.4 68.3 742 T76.5 T8.7
Output gap 33 37 33 25 21 18

Monetary policy 475 29.7 175 156 15.1 13.9
10-year yield

Inflation 13.0 106 6.5 46 39 3.5
Trend growth 62.2 754 83.3 849 855 86.6
Output gap 35 33 25 19 16 14

Monetary policy 214 106 76 86 &89 84

The table entries show the proportions (in percent) of the h-period forecast
error variances of the respective yield that can be attributed to cost-push
shocks, €], shocks to trend growth, €], shocks to the output gap, €, and
monetary-policy shocks, €/, respectively. Shocks to potential output growth
that do not affect the natural real rate of interest, i.e €/ in (4), are negligible
(variance proportion < 0.1% for all yields and horizons) and thus not shown.
For details, see appendix C.
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Figure 1: The data

(a) Inflation, output growth, short rate
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See the main text, section 3.1, for details.
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Figure 2: Different measures of the output gap

Measures of the output gap
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"Macro model’ refers to the smoothed output gap, based on observations of inflation, output growth
and the short rate only. '"Macro-TS model’ refers to the smoothed output gap, when bond yields

are included in the measurement vector as well (as of 1998).
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Figure 3: Actual vs. model-implied yields
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Model-implied yields are based on smoothed states.
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Figure 4: Actual and model-implied mean yield curve

Mean yield curve
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For each time to maturity, the solid circle represents the average of the corresponding yield over
the period 1998Q1 - 2006Q2. The model counterpart is the average of the fitted yields (based on

smoothed states).
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Figure 5: Impulse response to an inflation shock

(a) Inflation, output gap, short rate
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Figure 6: Impulse response to a trend-growth-rate shock

(a) Inflation, output gap, short rate
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Figure 7: Impulse response to an output-gap shock

(a) Inflation, output gap, short rate
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Figure 8: Impulse response to a monetary-policy shock

(a) Inflation, output gap, short rate
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C Forecast-Error-Variance Decomposition
Recall that the state process is given by (14),
Xy =c+ KXy 1+ Xv, v~ N(0,I5)
and yields depend on states via (20),
y = A, + B, X,

Hence, the h—period-ahead forecast of future yields ¢, , is given by the conditional
expectation

Urrn = EByin, = A + B;z Ei X ih,
and for the forecast error one obtains
y?«#h — Q?Jrh = B;’Chilzvt+1 -+ B;ICh72Z'Ut+2 + .0+ B;’Clz'ljprh,l + BT/JCOEUt+h.

Defining the 1 x 5 row vector " = B/ K", we get

n ~n . n n

Yirh — Yo = VU1 + o YRV
. n 1 n 1
= YU o PR,

n 2 n 2
VY oUi g+ YR vy,

+ o+ o+

n ,.5 n 5
¢1,5'Ut+1 .ot wh,5“t+h

where the scalars ¥}, and vf,; denote the kth elements of ¢} and vy, respectively.
Since the different vf,; are all pairwise uncorrelated, the total forecast-error variance
is given by

FV (yien) = 100 + .+ dp

and the contribution to this variance which stems from the kth shock is

FV, (yﬁh) = (¢?,k)2 +.o..F (¢Z,k>2'

Accordingly, the proportion of the h-period forecast-error variance attributable to
the kth shock is given by the ratio [FV; (v2,)]/[FV (vin)]-
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