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Abstract

What are the effects of demographic changes on the real interest rate in Japan?

We present a dynamic general equilibrium model in which demographic changes

are captured by exogenous changes in the ratio of workers to the total population.

Our model predicts that a decline in this ratio in the process of population aging

lowers the real interest rate; and the demographic impact on the real interest rate is

amplified by a fall in land prices in the presence of collateral constraints. The model

is simulated with the realized and forecasted changes in the working-age population

ratio and the TFP growth in Japan. Our results indicate that the TFP growth is

the main source of variations in the real interest rate, but the demographic factor

is also quantitatively important especially for its long-term movements.

JEL Classifications: E20, E43, J11
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1 Introduction

There have been significant changes in the demographic structure in developed countries.

The upper panel of Figure 1 shows the evolution of the ratio of the working-age population

(persons with age 15-64) to the total population in Japan, where the data after 2010 is

the projection of the United Nations. A striking feature that emerges from this figure

is that the late 1980s is a turning point for the demographic history of Japan: because

of the aging of the population, the working-age population ratio starts to decline in the

late 1980s, and a declining trend in this ratio is expected to continue into the future. A

similar shift in the demographic trend is observed in other developed countries as shown

in the lower panels of Figure 1, although the precise timing of the shift in many countries

is later than that in Japan.

Such demographic changes are expected to have a widespread impact on the macro-

economy. Bakshi and Chen (1994) note that the investment behavior of the older age

group is different from that of the younger age group, and present an empirical evidence

that changes in the age distribution have a significant impact on stock and house prices.

Similarly, Mankiw and Weil (1989) argue that the entry of the baby boom generation

into its house-buying years caused a U.S. housing boom in the 1970s. Miles (1999) uses

an overlapping generations (OLG) model to claim that the aging of the population is an

important factor behind the evolutions of the saving rate. The aging of the population

is sometimes listed as one of the potential causes of the slowdown in economic growth in

Japan since the 1990s, together with a fall in the growth rate of total factor productivity

(TFP) and problems in the financial sector.

Among the numerous macroeconomic variables that are expected to be influenced by

demographic changes, this paper focuses on the real interest rate. More specifically, we

are interested in the movements of the equilibrium real interest rate, or the natural rate of

interest. This interest rate is not observable and needs to be estimated, but it provides

an essential information when one evaluates the monetary condition and the state of

macroeconomic environment: when the natural rate of interest falls below the actual real

interest rate, the monetary condition becomes relatively tight and deflationary pressure

emerges; such a pressure becomes especially strong if the zero lower bound prevents the

policy interest rate from falling. In this paper, we use a model that does not include

nominal frictions so that the equilibrium interest rate in our model can be interpreted as
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the natural rate of interest.1

The dynamic general equilibrium model in this paper includes the following three

channels through which demographic changes–specifically, changes in the working-age

population ratio–affect the real interest rate. The first channel works by increasing

the supply of loanable funds by the household which is a lender in the model economy.

Our model assumes that the wage income earned by workers is distributed within a

household to support the consumption of non-workers. When the ratio of the working-

age population to the total population is expected to decline in the process of population

aging, the number of wage earners relative to the number of persons who consume is

expected to decrease.2 The household which follows a permanent income hypothesis then

consumes less and saves more in order to smooth out the level of per-capita consumption

into the future. The increase in the household savings results in an increase in the supply

of funds in the loanable funds market, and generates downward pressure on the real

interest rate.

The remaining two channels work by reducing the demand for loanable funds by

the firm which is a borrower in the model economy. We consider a firm that conducts

production using capital stock, labor, and land as inputs. In our model, a decline in

the working-age population ratio works like a fall in TFP. This reduces the marginal

products of capital and land, and the demand for capital and land by the firm decreases.

Since the firm’s expenditure on capital is financed partly by borrowing, a decrease in the

demand for capital reduces the demand for loanable funds by the firm, placing downward

pressure on the real interest rate. This is the second channel.

The third channel operates through a fall in land prices. Our model assumes that

the land serves as a collateral in the firm’s borrowing and that the amount of the firm’s

borrowing is constrained by the value of land. Because of the fall in the marginal product

of land described above, the firm reduces the demand for land. This leads to a fall in

land prices and the collateral value of the firm. The demand for loanable funds by the

firm decreases further, and this channel provides an additional downward pressure on the

real interest rate, i.e., the effects of demographic changes on the real interest rate are

1Of course, the real interest rate in our model is a good approximation for the natural rate of interest

only to the extent that the shocks and the structure of the model provide a good characterization of the

actual economy.
2In contrast, a standard representative agent model assumes that all the household members work.

Such a model allows for variations in the total population, but not the variations in the ratio of workers

to the total population.
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amplified by a change in the balance-sheet conditions of the borrower. A key assumption

behind this channel is the presence of collateral constraints that depend on land values.

This assumption has an empirical validity because numerous empirical studies including

Ogawa and Suzuki (1998) illustrate that the land plays an important role as a collateral

in Japanese firms’ borrowing, and show that the land value has a significant influence on

the investment decisions of credit-constrained firms.

To evaluate the impact of demographic changes on the real interest rate, we simu-

late the model using as inputs the realized and forecasted variations in the working-age

population ratio and variations in the total population. Our results imply that the de-

mographic factor has worked to lower the real interest rate in Japan since the late 1980s,

and this factor is expected to keep the interest rate low in the future. Among the two

demographic variables, variations in the ratio of the working-age population to the total

population are more important than changes in the total population itself; this supports

the specification of our model which allows for changes in the ratio of workers to the total

population. Additionally, we confirm that the third channel described above amplifies

the effects of demographic changes on the real interest rate.

We also conduct a simulation that includes realized variations in the TFP growth in

addition to the variations in the working-age population ratio, to evaluate the relative

contribution of the demographic factor to the overall movements in the real interest

rate. Our quantitative analysis indicates that the TFP growth is the dominant source

of fluctuations in the real interest rate, but the demographic factor is also quantitatively

important especially for its long-term movements.

The model in this paper builds on the previous theoretical studies that emphasize

the role of collateral constraint in amplifying business cycles (Kiyotaki and Moore 1997;

Iacoviello 2005; Liu, Wang and Zha 2011). To our knowledge, this paper is the first to

demonstrate quantitatively that the negative impact of population aging on the natural

rate of interest is amplified by the fall in asset values in the presence of a collateral

constraint. Krugman (1998) points out the importance of such mechanism when he

discusses the factors behind liquidity trap in Japan, although he does not offer a formal

model. Guerrieri and Lorenzoni (2011) present a model in which a tightening of the

borrowing constraint decreases the natural rate of interest. In their model, a tightening

of the borrowing constraint is given as an exogenous shock—they interpret it as a financial

crisis–, while in our model it arises endogenously as a result of a fall in land values

induced by population aging or a fall in the TFP growth. Using an OLG framework,
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Miles (1999), Chen, Imrohoroglu and Imrohoroglu (2007), and Braun, Ikeda and Joines

(2009) analyze the impact of demographic changes on macroeconomic variables, including

the saving rate and the real interest rate. However, these studies do not consider the

collateral constraint.

The rest of the paper is structured as follows. In Section 2, we present the model.

Section 3 describes the parameterization of the model and the simulation procedure. We

present our results in Section 4. Section 5 concludes.

2 Model

There are two types of agents: households and entrepreneurs. Households supply labor,

consume goods, purchase land for housing, and save. The savings of households constitute

the supply of funds in the loanable funds market. Within a household there are workers

and non-workers, and it is assumed that the ratio of workers to the total population

changes exogenously. We interpret that changes in this ratio reflect demographic changes:

the aging of the population lowers this ratio. Entrepreneurs produce goods using labor,

capital stock, and land as inputs. Part of their expenditures is financed by borrowing. As

in Kiyotaki and Moore (1997), they face a collateral constraint that limits the amount of

borrowing to the value of collateral. The collateral is the land held by the entrepreneur.

We now describe the optimization problems of households and entrepreneurs, as well

as the equilibrium conditions.

2.1 Households

A representative household consists of workers and non-workers. The utility function of

workers is defined as

uy,t =

h
cy,th

φ
y,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
− 1

1− σ
, (1)

where cy,t is consumption, hy,t is the amount of land held by workers, and lt is hours

worked (all of these variables are in per-worker terms).3 As in Iacoviello (2005), we assume

that the household holds land for housing. σ is a positive parameter that represents

3Hayashi and Prescott (2002) treat hours worked as an exogenous variable in order to take into

account the regulatory changes in Japan in the early 1990s. We treat it as an endogenous variable in

order to focus on the effects of demographic changes and the TFP growth.
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the inverse of the elasticity of intertemporal substitution; ν is a positive parameter that

governs the elasticity of the labor supply; and φ and χ are positive parameters. As shown

in King, Plosser and Rebelo (2002), this preference specification ensures the presence of

a balanced growth path.

The utility function of non-workers is defined as

uo,t =

h
co,th

φ
o,t

i1−σ
− 1

1− σ
, (2)

where co,t is consumption and ho,t is the amount of land owned by non-workers (both

variables are in per-non-worker terms).

The total population is Nt, among which the number of workers is N
y
t and the number

of non-workers is Nt−Ny
t . We assume that the ratio of workers to the total population,

N
y
t /Nt, changes exogenously. Thus, the number of workers is determined exogenously,

while the hours worked per worker are determined endogenously.

The household is utilitarian. The representative household chooses consumption

(cy,t, co,t), land holdings (hy,t, ho,t), hours worked per worker (lt), and the aggregate sav-

ings or the aggregate supply of loanable bonds (Bt), in order to maximize the present

value of the weighted sum of future utility flows given by,

E0

∞X
t=0

βth {uy,tNy
t + uo,t (Nt −Ny

t )} ,

subject to a flow budget constraint:

cy,tN
y
t + co,t (Nt −Ny

t ) + qthy,tN
y
t + qtho,t (Nt −Ny

t ) +Bt

≤ wtltNy
t + qthy,t−1N

y
t−1 + qtho,t−1

¡
Nt−1 −Ny

t−1
¢
+Rt−1Bt−1,

where qt is the price of land; wt is real wages; and uy,t and uo,t are given by (1) and

(2) respectively. βh is the subjective discount factor of households. The loanable bond

purchased in period t pays off Rt units of goods in all states of nature in period t+ 1.

The budget constraint above makes clear the first channel through which a decline in

the ratio of workers to the total population leads to a fall in the real interest rate, outlined

in the introduction. Specifically, consider a situation where the ratio of workers to the

total population, N
y
t /Nt, declines, while the total population, Nt, remains unchanged.

This reduces the wage income for households, given by wtltN
y
t , while the total number
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of household members who consume goods remains unchanged. Once such changes are

expected, the household saves more in the current period in order to smooth out the

consumption level of household members into the future. This increases the supply of

funds, and places downward pressure on the real interest rate.

By denoting the marginal utility of consumption by λt, the optimality conditions of

the household are represented by the following equations:

λt = βhEt [λt+1Rt] , (3)

λt =

h
cy,th

φ
y,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
cy,t

, (4)

h
cy,th

φ
y,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
cy,t

=

h
co,th

φ
o,t

i1−σ
co,t

, (5)

λtqt = φ

h
cy,th

φ
y,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
hy,t

+ βhEt [λt+1qt+1] , (6)

h
cy,th

φ
y,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
hy,t

=

h
co,th

φ
o,t

³
1− χ

l
1+1/ν
t

1+1/ν

´i1−σ
ho,t

, (7)

λtwt = χ
³
cy,th

φ
y,t

´1−σÃ
1− χ

l
1+1/ν
t

1 + 1/ν

!−σ
l
1/ν
t . (8)

Equation (3) is the optimality condition for household savings, or the supply of loan-

able funds. It equates the marginal utility of current consumption with the marginal

return on savings in terms of utility units. The marginal utility of consumption is given

by equation (4). Equation (5) gives us the equilibrium relationship between the con-

sumption of worker and the consumption of non-worker.

Equation (6) is the optimality condition for land holdings. It equates the marginal

cost of increasing land holdings with the marginal benefit of doing so. The latter consists

of the utility benefit of additional land and the expected benefit from selling land in the

next period. Equation (7) gives us the equilibrium relationship between the land holdings

of worker and the land holdings of non-worker.

Equation (8) is the labor supply curve, which equates the marginal benefit of supplying

extra hours of work with the marginal cost of doing so.
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2.2 Entrepreneurs

A representative entrepreneur produces homogenous goods Yt using labor L
d
t (which is

the number of workers times the hours worked per worker), capital stock Kt−1, and land

He,t−1 as inputs, according to the Cobb-Douglas production function,

Yt = A
1−αk
t Kαk

t−1
¡
Ldt
¢αl
H1−αk−αl
e,t−1 , (9)

where A1−αkt is TFP, and αk and αl are the parameters that govern the capital and labor

shares of income.

The entrepreneur raises inter-period and intra-period loans. As for the former, the

entrepreneur issues loanable bonds Bt in period t that must be repaid in period t + 1.

As for the latter, we assume that a fraction θ of the sum of labor costs and investment

in period t must be repaid within the period, as in Bianchi and Mendoza (2011). As in

Kiyotaki and Moore (1997), we assume that the land serves as a collateral for loan, and

the entrepreneur can borrow up to a fraction κ of the expected present discounted value

of the land in the next period: a collateral constraint places an upper bound on the sum

of inter-period loans (Bt) and intra-period loans (θ
¡
wtL

d
t + It

¢
):

Bt + θ
¡
wtL

d
t + It

¢ ≤ κEt

∙
qt+1He,t

Rt

¸
. (10)

We include the land value in the collateral because numerous empirical studies on the

investment behavior of Japanese firms claim that the land plays an important role as a

collateral (Ogawa and Suzuki 1998).

Underlying the collateral constraint above is the following contract enforcement prob-

lem. When the entrepreneur defaults on the loan, the lender can seize the land owned

by the entrepreneur. To seize and liquidate the land, however, the lender must pay costs

proportional to the value of the land, and can recoup only a fraction κ of the land value.

Supposing that the lender is willing to lend the amount that can be recovered in the

event of default, we obtain constraint (10).

The entrepreneur chooses consumption ce,t (denoted in per-capita terms), labor inputs

Ldt , land holdings He,t, investment It, and loanable bonds Bt, to maximize the present
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value of expected utility flows given by,

E0

∞X
t=0

βte
c1−σe,t − 1
1− σ

Nt,

subject to the production function (9), the collateral constraint (10), the budget con-

straint, and the law of motion for capital, given by,

ce,tNt + qtHe,t + wtL
d
t + It +Rt−1Bt−1 = Yt + qtHe,t−1 +Bt, (11)

Kt = Kt−1 (1− δ) + It, (12)

where δ is the depreciation rate of capital, and βe is the subjective discount factor of the

entrepreneur. The number of entrepreneurs is assumed to be Nt, the same as the total

population of households.

We set the value of βe such that it is lower than the subjective discount factor of

households, βe < βh. This parameter setting implies that the entrepreneur is impa-

tient relative to the household,4 and ensures that the collateral constraint binds in the

neighborhood of the steady state.5 As we will illustrate in section 4, a binding collateral

constraint serves to amplify the effects of demographic changes on the real interest rate.

Specifically, a change in demographics affects the price of land and the value of collateral.

This, in turn, influences the entrepreneur’s demand for loanable funds, labor inputs, and

investment through the collateral constraint (10). This amplifies the original impact of

demographic changes on macroeconomic variables.

If we denote by μ̃t the Lagrangian multiplier associated with the collateral constraint

(10), the entrepreneur’s optimality conditions are represented by the following equations:

c−σe,t = βeEt
£
c−σe,t+1Rt

¤
+ μ̃t, (13)

c−σe,t qt = βeEtc
−σ
e,t+1

½
(1− αk − αl)

Yt+1

He,t
+ qt+1

¾
+ μ̃tκEt

∙
qt+1

Rt

¸
, (14)

4Iacoviello (2005) cites several empirical studies which document that the discount factor of individu-

als with small wealth (borrowers) tends to be lower than that of individuals with large wealth (lenders).
5If we denote by μ the steady state level of the Lagrangian multiplier for the collateral constraint in the

entrepreneur’s problem normalized by the marginal utility of consumption, it is given by μ = (βh−βe)R.
When βh > βe, μ is positive, implying that the collateral constraint is binding.
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c−σe,t + μ̃tθ = βeEt

½
c−σe,t+1

µ
αk
Yt+1

Kt

+ 1− δ

¶
+ μ̃t+1θ (1− δ)

¾
, (15)

αl
Yt

Ldt
= wt

µ
1 + θ

μ̃t
c−σe,t

¶
. (16)

Equation (13) is the optimality condition for the entrepreneur’s demand for loanable

funds, which equates the marginal utility from consumption with the marginal cost of

borrowing. The latter includes the repayments on the loan in the next period (the first

term on the right-hand side) and the tightening of the borrowing constraint in the current

period (the second term on the right-hand side).

Equation (14) is the optimality condition for land holdings by the entrepreneur. It

equates the cost of increasing land holdings with the benefit of doing so. The latter

consists of an increase in production, the resale value of land, and the relaxation of the

borrowing constraint in the current period.

Equation (15) is the optimality condition for investment in physical capital. It equates

the marginal cost of investment with the marginal benefit of investment, both denoted in

the unit of utility. The cost of additional investment consists of giving up consumption

in the current period and the tightening of the collateral constraint. The benefit includes

increase in production and relaxation of the collateral constraint in the next period. The

latter arises because there will be less need for investment in the next period.

Equation (16) is the labor demand curve, which equates the marginal product of labor

with the marginal cost of hiring. Because of the working capital assumption, the cost

consists of both the wage cost and the tightening of the collateral constraint.

The entrepreneur’s problem described above makes explicit the second and third chan-

nels through which demographic changes affect the real interest rate, outlined in the intro-

duction. In this model, a decline in the ratio of workers to the total population works like

a fall in TFP. To see this explicitly, divide both sides of the production function (9) by the

total population N , to express the per-capita output as y = A1−αkkαk(lNy/N)αlh1−αk−αl

where y, k, and h denote per-capita levels of output, capital stock, and land. This equa-

tion implies that a decline in the ratio of workers to the total population, Ny/N , operates

like a fall in TFP, A1−αk . The resulting fall in the marginal product of capital reduces

the entrepreneur’s incentive to invest in capital stock, and decreases the entrepreneur’s

demand for funds, placing downward pressure on the real interest rate. At the same time,

a decrease in the ratio of workers to the total population lowers the marginal product of

land. This decreases the entrepreneur’s demand for land, and land prices fall. A decline
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in the collateral values constrains the demand for loanable funds by the entrepreneur,

and lowers the real interest rate further.

2.3 Equilibrium

We close the model by imposing market clearing conditions for goods, labor (the number

of workers times the hours worked per worker), and land. These are given by the following

equations:

Yt = cy,tN
y
t + co,t(Nt −Ny

t ) + ce,tNt + It, (17)

ltN
y
t = L

d
t , (18)

H = hy,tN
y
t + ho,t(Nt −Ny

t ) + he,tNt. (19)

In equation (19), he,t ≡ He,t/Nt is land holdings per entrepreneur. We assume that
the aggregate supply of land, H, is constant.

The exogenous variables in the model are the TFP growth rate, zt ≡ At/At−1, the
ratio of workers to the total population,n

y
t ≡ Ny

t /Nt, and the growth rate of the total

population, γt ≡ Nt/Nt−1.
We normalize the model variables so that they are stationary in the presence of a

sustained growth in TFP: (i) we normalize the Lagrangian multiplier for the collateral

constraint by the marginal utility of the entrepreneur: μt ≡ μ̃t/c
−σ
e,t ; (ii) we normalize

the per-capita endogenous variables by At: byt ≡ Yt/(AtNt), bcy,t ≡ cy,t/At, bco,t ≡ co,t/At,bce,t ≡ ce,t/At, bit ≡ It/(AtNt), bkt ≡ Kt/(AtNt), bbt ≡ Bt/(AtNt); (iii) we normalize the real
wage and land price by the level of TFP: bwt ≡ wt/At, bqt ≡ qt/At; and (iv) we normalize
the marginal utility of household consumption: bλt ≡ λtA

σ
t .

Given the process for the exogenous variables {zt, nyt , γt} and the initial conditions
for the endogenous state variables (hy,−1, ho,−1, he,−1, bk−1, R−1bb−1), a competitive equi-
librium consists of a sequence of prices {Rt, bwt, bqt, μt} and a set of allocations {byt, bλt,bcy,t, bco,t, bce,t, bit, bkt, bbt, hy,t, ho,t, he,t, lt, Ldt} that satisfy the following conditions: (i)
given prices, the set of allocations satisfies the optimality conditions (3)-(16); and (ii) all

markets clear. The appendix describes the equilibrium conditions expressed in terms of

the stationary variables.

The steady state in this model is defined as the situation in which n
y
t , γt, and zt

are constant. The steady-state level of the real interest rate in our model is given by

R = zσ/βh: it is determined by the steady-state TFP growth rate, the subjective discount
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factor of the household, and the parameter that determines the elasticity of intertemporal

substitution.

2.4 Model without Collateral Constraints

In order to illustrate the role of collateral constraints, we consider an alternative model in

which collateral constraints are absent. Specifically in order to consider such a case, we

solve the following modified model. First, we remove the collateral constraint (10) from

the entrepreneur’s optimization problem. Second, we set the subjective discount factor

of the entrepreneur equal to the subjective discount factor of the household,6 i.e., we

set βe equal to βh. Third, we consider a model similar to a standard real business cycle

model in that (i) the household maximizes the weighted average of the utility levels of the

household and the entrepreneur where the weights are given by the population share; (ii)

capital stock and land are owned by the household and they are lent to the entrepreneur;

and (iii) the entrepreneur conducts production to maximize profits. Fourth, we include

a constant tax rate on each of the wage income, the return on capital stock, the return

on land, and the resale value of land so that the steady-state levels of the endogenous

variables in the model without collateral constraints coincide with the steady-state levels

of these variables in the model with collateral constraints, except for the consumption

shares among workers, non-workers, and entrepreneurs. The tax revenues are rebated

lump-sum to the household. We do this so that we can properly compare the dynamics

of the two models.

Once we solve this alternative model, we obtain equilibrium conditions that consist

of the same set of equations as in the baseline model, except that (i) the Lagrangian

multiplier for the collateral constraint, μ̃t, is constant at zero; (ii) the subjective discount

factor of the entrepreneur is the same as that of the household; (iii) the constant tax

rates are included; and (iv) the collateral constraint and the household budget constraint

are removed from the system of equilibrium conditions (see appendix for details).

6In the absence of collateral constraints, we cannot ensure the existence of a balance growth path

when βe is smaller than βh. We avoid such outcome by setting βe equal to βh.
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3 Parameterization and Simulation Procedure

3.1 Parameterization

A period in the model is a year. We set the parameter values so that the model captures

the main characteristics of the Japanese economy (Table 1).

The subjective discount factor of the household, βh, is set to 0.995 so that the steady-

state real interest rate in the model is equal to the average real interest rate in Japan

between 1990 and 2008 (1.92%), where the real interest rate is calculated as the one-year

government bond yield minus the inflation rate of the GDP deflator. We follow Hayashi

and Prescott (2002) and Braun and Waki (2006) to set the capital income share, αk, to

0.362 and the depreciation rate of capital, δ, to 0.089. We set the labor income share,

αl, to 0.625 so that the steady-state ratio of land value held by the entrepreneur to

output matches the average ratio of land value in private non-financial corporate sector

to nominal GDP in Japan for 1990-2008. The data source is the System of National

Accounts.

The parameter related to working capital, θ, is set to 0.235 using the method of

Bianchi and Mendoza (2011): we choose this parameter so that the steady-state ratio of

working capital to output in the model matches the average ratio of the sum of currency

and transferable deposits held by non-financial corporations to nominal GDP in Japan for

1990-2008. The data source for the currency and deposits is the Flow of Funds Statistics.

We follow Chen, Imrohoroglu and Imrohoroglu (2007) to set the parameter related

to the intertemporal elasticity of substitution, σ, to 1.5. The parameter ν is set to 1.0,

which implies that the Frisch elasticity of labor supply is 1. These values are standard

in the real business cycle literature. The preference parameter related to the share of

non-housing, φ, is set to 0.033 so that the model’s steady-state ratio of land held by the

entrepreneur to that held by the household is equal to the average ratio of land held by

private non-financial corporations to that held by households in Japan for 1990-2008. We

normalize the steady-state hours worked per worker at unity by setting the preference

parameter χ to 0.923. The aggregate supply of land, H, is normalized at unity.

The parameter in the collateral constraint, κ, is set to 0.89, which is the value esti-

mated in Iacoviello (2005). We set the subjective discount factor of entrepreneurs, βe,

at 0.95 so that the steady-state ratio of capital stock to output in the model is equal to

the 1990-2008 average ratio of capital stock to output in Japan. As noted previously, βe

must be smaller than βh for the collateral constraint to bind in the steady state.
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3.2 Simulation Procedure

We assume perfect foresight and conduct deterministic simulations. Since we are inter-

ested in the Japanese economy before and after the bubble period, we start our simu-

lations in 1975, which is about 10 years before the bubble period. We set the terminal

period for our simulations to 2150: as we explain below, we assume that there is no

further changes in the exogenous variables after 2100, and we think it is enough to have

50 years of transition for the economy to reach a new steady state.

The model has three exogenous sources of variation: the ratio of the working-age

population to the total population (n
y
t ); the growth rate of the total population (γt); and

the growth rate of TFP (zt). As for the working-age population ratio and the growth

rate of the total population, we use the realized values for 1975-2009, and the United

Nations’ forecast for 2010-2100 (the working-age population ratio for 1975-2040 is shown

in Table 1). Since the working-age population ratio is approximately constant after 2070

in the United Nations’ forecast,7 we assume that it is constant for 2100-2150 at the level

of 2100. The growth rate of the total population for 2100-2150 is assumed to be 0%:

with constant supply of aggregate land H, we need this assumption for a steady state to

exist.

As for the growth rate of TFP, we use the realized growth rates for 1975-2009, and

assume that it is constant for 2010-2150 at the average growth rate during 1990-2008.

We obtain the realized TFP using the method of Hayashi and Prescott (2002), with the

following modifications. First, we take into account the fact that our production function

includes land, while the production function in Hayashi and Prescott (2002) does not.8

Second, we use the parameter values for the production function listed in Table 1. Third,

we extend the dataset of Hayashi and Prescott (2002) for the period 2001-2009.

The TFP series constructed from the methodology of Hayashi and Prescott (2002)

does not adjust for variations in the capital utilization rate. In the sensitivity analysis,

we also conduct simulations with the utilization-adjusted TFP series which is contained

in the JIP database.9 Figure 2 presents the growth rate of our baseline TFP series and

7In obtaining this forecast, the United Nations assumes that the total fertility rate in Japan rises to

a level close to 2.0 around 2080. To the extent that this forecast is too optimistic, the simulated real

interest rate in this paper is too high.
8When we calculate TFP, we use the model’s restriction that the sum of land held by the household

and land held by private non-financial corporations (the entrepreneur in the model) is constant over

time. The data source for land is the System of National Accounts.
9The JIP Database (the Japan Industrial Productivity Database) is compiled by RIETI and Hitot-

subashi University, and it is available for 1970-2008. Since the TFP series contained in this database
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the utilization-adjusted TFP series. Not surprisingly, the utilization-adjusted series is

smoother than the baseline series.

Given the sequence of the exogenous variables {nyt , γt, zt} for 1975-2150 and the initial
conditions for the endogenous state variables (hy,1974, ho,1974, he,1974, k1974, R1974b1974), we

use a Newton method to solve the system of equilibrium conditions from 1975 to 2150

and simulate the model.10 We explain how we determine the initial conditions in the

next section.

4 Results

This section presents the simulation results. We also conduct sensitivity analysis related

to the data and the parameters we use in the simulations.

4.1 Effects of Demographic Changes

We first simulate the model using the variations in the ratio of the working-age population

to the total population as the only shocks. We do this to understand the effects of

demographics in isolation from the effects of TFP. For the same reason, we set the initial

endogenous state variables in 1974 at their steady state levels.11

Figure 3 presents the simulation results for the real interest rate, the growth rate of

land prices, and the tightness of the collateral constraint (μt). The thick line in panel (1)

is the real interest rate simulated from the baseline model with collateral constraint. It

rises in the late 1980s as the working-age population ratio rises. It is then followed by a

sustained decline in the real interest rate between the late 1980s and the recent period,

as the working-age population ratio falls. The first baby boomers retire in the latter half

of the 2000s, and this is period in which the real interest rate falls most sharply. The

real interest rate temporarily rises between the mid 2010s and the mid 2020s, as the pace

of the decline in the working-age population ratio slows down. It then falls again in the

2030s as the second baby boomers begin to retire.

is not necessarily based on the same production function as that in this paper, we do not use it as the

baseline series.
10The Dynare software is used to conduct simulations.
11We solve for the steady state in which the working-population ratio is set to the 1974 level, the TFP

growth rate is set to the average growth rate for 1990-2008, and the growth rate of the total population

is set to 0%.
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The thick line in panel (2) of Figure 3 presents the growth rate of land prices sim-

ulated from the model with collateral constraint. The trend in land price growth shifts

downwards in the late 1980s, roughly coinciding with the timing of the shift in the trend

of the working-age population ratio. A decline in the working-age population ratio low-

ers the land prices through the following mechanism: when the workers decrease, the

marginal product of land falls, and the firms reduce the demand for land. Since the

supply of land is fixed, the land prices fall. Krugman (1998) makes a related observation

that the demographic factors in Japan should have contributed to lowering asset values,

investment, and the growth potential beginning in the late 1980s.

4.2 Amplification through Collateral Constraint

The collateral constraint works to amplify the effects of demographic changes on land

prices and the real interest rate. We can see this by comparing the path of the real interest

rate simulated from the baseline model with collateral constraint to that simulated from

an alternative model that does not include such a constraint. The thin lines in panel (1)

and panel (2) of Figure 3 present the real interest rate and the growth rate of land prices

obtained from a model without collateral constraint. As we can see from the figure, both

of these variables have smaller variations in the absence of collateral constraint.

Underlying this result is the following mechanism. In the presence of collateral con-

straint, a fall in land values from population aging reduces collateral values and tightens

the collateral constraint. This, in turn, works to decrease the firm’s demand for loan-

able funds and land further, and generates larger declines in the interest rate and land

prices, relative to the case of no collateral constraint. To illustrate this mechanism more

concretely, panel (3) of Figure 3 shows the simulated path of the variable that represents

the degree of tightness of the collateral constraint. Specifically, we plot the Lagrangian

multiplier attached to the collateral constraint normalized by the marginal utility of the

entrepreneur’s consumption, μt. By construction, an increase in this variable implies a

tightening in the collateral constraint. The result suggests that the constraint was relaxed

in the 1980s as the growth rate of land prices rose, while it became increasingly tight

in the 1990s and 2000s as the growth rate of land prices fell. The case of no collateral

constraint corresponds to the case in which μt is constant at zero.
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4.3 Simulation with Variations in Both Demographics and TFP

What is the contribution of the demographic changes to the overall movements in the

real interest rate in Japan? To analyze this issue, we must include other sources of

variations. Hayashi and Prescott (2002) claim that a slowdown in the TFP growth is the

main factor behind the stagnation of the Japanese economy since the 1990s. Similarly,

Chen, Imrohoroglu and Imrohoroglu (2006) argue that changes in the TFP growth is the

most important factor for the secular movements in the Japanese saving rate between

1960 and 2000. We now include variations in the TFP growth in our simulations.

As noted earlier, we use the TFP series obtained from the method of Hayashi and

Prescott (2002) in our baseline analysis. The realized TFP growth rates are used for

1975-2009, and it is assumed that the TFP growth rate is constant for 2010-2150 at the

average growth rate between 1990 and 2008.

In the simulations with both demographic and TFP shocks, we choose the initial

conditions for the endogenous state variables in 1974 as follows. First, the initial capital

stock is chosen to match the capital stock in the data. Second, since we do not have useful

information about the initial condition for the bond holdings in 1974, we choose it so that

the percentage deviation in the initial bond holdings from the steady state is the same as

the percentage deviation in the initial capital stock from the steady state.12 Finally, the

initial land holdings of the household and the entrepreneur are set at their steady-state

levels, because we do not have good information about these variables either.13

Before we turn to the simulation result for the real interest rate, we confirm in Figure

4 that the model with both demographic and TFP shocks does a reasonably good job in

tracing the actual real GDP per total population in Japan for 1975-2009. The increase

in the real GDP in the late 1980 is somewhat smaller in the model, possibly because our

model does not take into account the effects of the asset price bubble during this period.

Figure 5 shows the simulation results for the real interest rate, the land price growth,

and the tightness of the collateral constraint. The thick lines labeled “Baseline” represent

the series simulated from the model with collateral constraint, while the thin lines labeled

“No collateral constraint” represent the series simulated from the model without collateral

12The choice of the initial bond holdings affects the early parts of the simulation results, i.e., if we

set it at a lower level than the one described above, the simulated real interest rate would start from a

higher level than that reported below.
13If the initial land held by the entrepreneur was set at a lower level than that described above, the

real interest rate would start from a higher level than that reported below. However, the results for the

1990s and the 2000s are not sensitive to this assumption.
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constraint. It is evident that the fluctuations in the real interest rate in Figure 5 are larger

than those in the case of demographic shocks only: the real interest rate exceeds 6% in the

late 1980s, and it drops below 0% during the period of financial turmoil in Japan (1997-

98) as well as in the recession period in the late 2000s. Nonetheless, the overall trend in

the real interest rate remains the same as in the case of demographic shocks only: there

is an upward trend in the real interest rate until the late 1980s, and there is a declining

trend after the early 1990s.14 This is because until the late 1980s, both the trend in the

working-age population ratio and the trend in the TFP growth are high, and after the

early 1990s, both of these trends become low. The comparison of Figure 5 with Figure 3

tells us that the TFP is the dominant source of fluctuations in the real interest rate, but

the demographic factor is also quantitatively important especially for its low-frequency

movements. We obtain a similar result for the land prices. Note that the sharp rise and

fall in the real interest rate we observe in Figure 5 are partly because the TFP series used

in this simulation does not adjust for variations in the capital utilization rate. In the

sensitivity analysis below, we re-do the simulation with a smoother, utilization-adjusted

TFP series.

The panel (3) of Figure 5 shows the tightness of the collateral constraint. This also

has sharp ups and downs reflecting the volatile movements in the TFP growth. However,

its low frequency movements–the credit condition is relatively easy in the late 1980s

and it becomes relatively tight after the early 1990s–remain the same as in the case

of demographic shocks only. The sharp declines in the real interest rate during 1997-98

and the late 2000s correspond to the strong tightening in the collateral constraint in

these periods. As in the case of demographic shocks only, changes in the tightness of

the collateral constraint amplify the effects of shocks to the TFP growth rate on the real

interest rate and land prices.

Note that the real interest rate is forecasted to remain below the steady-state level

after 2010, although we assume that the TFP growth remains constant at the steady-

state level after 2010. This is because the working-age population ratio keeps falling

during this period.

In the panel (1) of Figure 5, we also plot the actual data on the real interest rate for

1981-2009. The real interest rate here is the nominal one-year government bond yield

14In Figure 5, the real interest rate starts from a high level in 1975 and then it falls for the first several

years, while in the case of demographic shocks only (Figure 3, in the case of no collateral constraints),

the real interest rate rises during this period. This difference can be explained by the difference in the

assumptions for the initial capital stock and initial bond holdings.
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minus the GDP deflator inflation rate. There is no surprise that our model does not

replicate the cyclical movements in this data: the real interest rate in our model is closer

in concept to the natural rate of interest, rather than the actual real interest rate in the

economy. However, the figure suggests that our model traces the long-term trend in the

data reasonably well.

4.4 Sensitivity Analysis

We now conduct sensitivity analysis related to the TFP series and the demographic

variable which we use as inputs to simulations, as well as some of the parameters in the

model. Table 2 reports the peak-to-bottom difference in the real interest rate between

1985 and 2015 for each of the specifications we consider. We focus on this period because

we are interested in the bubble period in Japan and the near future. We also report the

results that exclude 2007-09 from the sample period because the drop in TFP during

this period is extremely large and we expect the results are sensitive to the way how

the TFP series is constructed. The columns labeled “All shocks” report results from

the simulations with both TFP and demographic shocks, while the columns labeled

“Demographics only” report the results from the simulations with only demographic

shocks. All the results in this table are obtained from the model with collateral constraint.

Utilization-adjusted TFP The baseline simulation reported earlier used a TFP series

that is not adjusted for the variations in the capital utilization rate. When we instead use

the utilization-adjusted TFP series contained in the JIP Database, the movements in the

real interest rate become much smoother.15 Specifically, the peak-to-bottom difference

in the real interest rate drops from 1083 basis points in the baseline case to 527 basis

points in the case of the utilization-adjusted TFP. Thus, when we use this alternative

TFP series, the relative contribution of the demographic factors to the real interest rate

becomes larger.

Using labor force instead of working-age population The baseline simulation

used the data on the working-age population (persons with age 15-64) as a proxy for

the number of workers in the model (N
y
t ). This approximation is valid as long as (i)

15The JIP series is available until 2008. When we use this series in our simulations, we assume that

the TFP growth rate is constant for 2009-2150 at the average growth rate of the baseline TFP series

during 1990-2008.
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most of the persons in this age category work; and (ii) most of the persons in other

age categories do not work. Here, we consider labor force as an alternative measure of

workers in the model. Using labor force may be justified on the ground that it is more

closely related to the concept of workers in the model. The potential drawback of using

labor force is that it is more likely than the working-age population to be influenced by

non-demographic factors such as the business cycles. According to the result in Table

2, the fluctuations in the real interest rate become larger when we use labor force, if we

include only demographic shocks in the simulations.16

Fixing the growth rate of the total population Our baseline simulations allowed

for variations in both the working-age population ratio and the growth rate of the total

population. In order to understand which of these variables is more important for the

movements in the real interest rate, we conduct a couter-factual simulation in which the

growth rate of the total population is fixed at 0%. The result shown in Table 2 implies that

the fluctuations in the real interest rate become slightly smaller, but the difference from

the baseline case is small. This suggests that the main demographic factor that influences

the real interest rate is the changes in the working-age population ratio, not the changes

in the total population itself. This is for two reasons. First, the realized variations in the

total population are relatively small: in the process of population aging, a decrease in the

working-age population is partly compensated by an increase in the elderly population.

Second, in terms of the structure of the model, a change in the working-age population

ratio influences the real interest rate through more diverse channels than a change in the

growth rate of the total population. Specifically, the former influences the income per

total population of the household, while the latter does not affect this variable.

Alternative parameter values Finally, we discuss the sensitivity of the results to

the parameter values. First, lowering the level of the parameter related to the collat-

eral constraint, κ, from our baseline value of 0.89 to 0.7 reduces the fluctuations in the

real interest rate, because it reduces the sensitivity of borrowing to land prices. Second,

increasing the elasticity of intertemporal substitution by lowering the level of the prefer-

ence parameter σ from 1.5 to 1.0 reduces the variations in the real interest rate. Third,

reducing the elasticity of labor supply by lowering the level of the preference parameter

16Once TFP shocks are included in the simulation, this result does not necessarily hold. It may be

because labor force and TFP have a negative correlation in some periods.
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ν from 1.0 to 0.5 increases the volatility of the real interest rate. However, the relative

contribution of the demographic factors to the overall movements in the real interest rate

remains unchanged in all cases.

5 Concluding Remarks

This paper has developed a dynamic general equilibrium model to analyze the effects of

demographic changes on the real interest rate. Our quantitative analysis indicates that a

decline in the ratio of the working-age population to the total population in the process

of population aging has worked to lower the real interest rate in Japan since the early

1990s, and such a impact has been magnified in the presence of collateral constraints.

When we simulate the model using the realized changes in the demographic structure

and the TFP growth in Japan, we find that the TFP growth is the dominant source of

fluctuations in the real interest rate, but the demographic factor is also quantitatively

important especially for its long-term movements.

In order to make our analysis transparent, we have made several simplifying assump-

tions. One is that the demographic changes and the TFP growth are independent of

each other. Potentially, changes in the demographic structure affect TFP through at

least two channels. First, population aging may encourage technological progress which

helps to mitigate the negative impact of the declining workforce. Second, the aging of

the population may lower TFP by increasing mismatches in labor and goods markets.

Taking into account such interactions between the two factors is an important avenue for

future research.

We have also not considered fiscal and international issues. A worsening fiscal balance

through an increase in social security expenditures in the process of population aging

may have an important impact on the household savings and the real interest rate.

Additionally, if we allow for international mobility in labor and capital, the negative

impact of a declining workforce on the real interest rate should become smaller than that

reported in this paper.
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Appendix

This appendix presents the equilibrium conditions for the model with collateral con-

straint and the model without collateral constraint.

1. Equilibrium Conditions for the Model with Collateral Constraints

In terms of the stationary variables which are defined in Section 3, the equilibrium

conditions can be written as follows:
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2. Equilibrium Conditions for the Model without Collateral Constraints

As explained in the main text, we consider the following problems for the household

and the firm in this case. The household maximizes
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where He,t−1 is land held by the household and lent to the firm between period t − 1
and period t; Kt−1 is capital stock held by the household and lent to the firm between

period t− 1 and period t; rkt is the return on capital stock; rht is the return on land; Tt is
the lump-sum transfer to the household (equals to the tax revenues in the same period);

τk, τ l, τh, τ e are the constant tax rates on capital return, wage income, resale value of

land, and land return, respectively.

The firm maximizes profits given by,

A1−αkt Kαk
t−1
¡
Ldt
¢αl
H1−αk−αl
e,t−1 − (wtLdt + rktKt−1 + r

h
tHe,t−1).

25



The equilibrium conditions in the model without collateral constraints correspond to

a special case of the equilibrium conditions in the model with collateral constraints, in

which (i) we remove the collateral constraint (30); (ii) we set the Lagrangian multiplier

for the collateral constraint, μt, to zero in equations (26), (27), (28), (29); (iii) we set

the subjective discount factor for the entrepreneur, βe, at the same value as that for

the household, βh, in equations (27) and (28), (iv) we remove the budget constraint of

the household (32); and (v) we include constant tax rates (τk, τ l, τh, τ e) in equations

(23), (25), (26), (28) so that the steady-state levels of the endogenous state variables and

output in the model without collateral constraints are equated to the steady-state levels

of these variables in the model with collateral constraints. Specifically, the equilibrium

conditions are as follows:
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½bc−σe,t+1bc−σe,t z−σt+1
µ
(1− τk)αk

byt+1
kt
zt+1γn,t+1 + 1− δ

¶¾
,

αl
byt
ltn

y
t

= bwt,
bkt = (1− δ)

bkt−1
ztγn,t

+bit,
byt = bcy,tnyt + bco,t(1− nyt ) + bce,t +bit,
byt = (ltnyt )αl bkαkt−1h1−αk−αle,t−1

1

zαkt γ1−αln,t

,

ht = hy,tn
y
t + ho,t(1− nyt ) + he,t.
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Table 1: Parameter Values

Parameter Description Value Target/Source

βh Household discount factor 0.995 Average interest rate

βe Entrepreneur discount factor 0.95 Average capital stock/GDP

κ Collateral constraint 0.89 Iacoviello (2005)

δ Depreciation rate 0.089 Hayashi and Prescott (2002)

αk Capital income share 0.362 Hayashi and Prescott (2002)

αl Labor income share 0.625 Average land value/GDP

θ Working capital 0.235 Average M1 held by firms/GDP

σ Intertemporal elasticity 1.50 Chen, Imrohoroglu, Imrohoroglu (2007)

ν Labor supply elasticity 1.00 Standard value in RBC literature

φ Share of non-housing 0.033 Average land holdings by households

χ Labor supply scale 0.923 Normalization (l = 1)

28



Table 2: Sensitivity Analysis

All shocks Demographics only

Full sample Excl. 2007-09 Full sample Excl. 2007-09

Baseline 1083 706 127 127

Alternative data

(i) Utilization-adjusted TFP 527 510 127 127

(ii) Labor force 1046 674 150 150

(iii) Constant total population 1001 641 127 127

Alternative parameters

(i) κ = 0.7 910 639 125 125

(ii) σ = 1.0 702 458 75 75

(iii) ν = 0.5 1097 716 149 149

Notes: The table presents the peak-to-bottom difference in the real interest rate in

basis points between 1985 and 2015. “All shocks” refers to the simulation that includes

changes in both the working-age population ratio and the TFP growth. “Demographic

only” refers to the simulation that includes only changes in the working-age population

ratio. “Full sample” refers to the results from the whole sample (1985-2015), while “Excl.

2007-09” refers to the results from the sample that excludes 2007-09.
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(1) Japan

(2) US, UK, Canada and Germany (3) France, Italy, Spain and Korea

Figure 1: Ratio of Working-age Population to Total Population
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Figure 2: TFP Growth in Japan
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(1) Real Interest Rate

(2) Land Price Growth

Figure 3: Simulation with Demographic Changes Only
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Notes: The figure plots the real interest rate, the growth rate of land prices,
and the tightness of collatetal constraint in Japan for 1975-2040, simulated
from the model. "Baseline" refers to the model with collateral constraint.
"No Collateral Constraint" refers to the model withtout collateral constraint.

0.5 

1.0 

1.5 

2.0 

2.5 

1975 1985 1995 2005 2015 2025 2035

Baseline

No Collateral Constraint

Steady state

（%）

0.044 

0.046 

0.048 

0.050 

0.052 

0.054 

1975 1985 1995 2005 2015 2025 2035

Baseline

-1.5 

-1.0 

-0.5 

0.0 

0.5 

1975 1985 1995 2005 2015 2025 2035

Baseline

No Collateral Constraint

（YoY %）

32



Figure 4: Real GDP per capita 
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(1) Real Interest Rate

(2) Land Price Growth

Figure 5: Simulation with Both Demographic Changes and TFP Growth
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Notes: The figure plots the real interest rate, the growth rate of land prices,
and the tightness of collatetal constraint in Japan for 1975-2040, simulated
from the model. "Baseline" refers to the model with collateral constraint.
"No Collateral Constraint" refers to the model withtout collateral constraint.
"data" in panel (1) is the data for the real interest rate for 1981-2009.
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